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Abstract
Fully quantum mechanical solutions for the output squeezing spectra of conventionally 
pumped 3 and 4-level lasers are presented. The usual approximation of treating the 
ground state as a pump reservoir is not made. The output light is found to be amplitude 
squeezed under certain conditions. The mechanism for the squeezing is investigated 
using a simple statistical model of the laser. Consistent results are also obtained using a 
rate equation approach.
The conditions that must be satisfied in order to produce squeezing are discussed in 
detail in the context of real laser systems.
The results of an experimental investigation of the optical noise properties of an Erbium 
doped fibre laser are presented and compared with theory. Results consistent with the 
observation of novel non-linear quenching behaviour are presented.
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CHAPTER 1. 
INTRODUCTION.
It was a bright but stormy laser...
Although quantum optics is as old as quantum mechanics itself [Ref. 1.1-1.3] the 
development of the laser in the late fifties to early sixties [Ref. 1.4-1.6] produced a 
resurgence in the subject that continues to this day. This was due to the large number of 
new light/matter interactions that could be probed with the laser and also the need to 
understand the behaviour of the laser itself. Laser theory developed along with the laser 
and numerous books have been written exploring most aspects of laser behaviour 
[Ref. 1.7]. Perhaps the last fundamental laser property to be put on a firm theoretical 
footing was the statistical properties of the laser light. The classic treatments of this 
subject are by Louisell [Ref. 1.8], Haken [Ref.1.9] and Scully and Lamb [Ref. 1.10]. 
They conclude that far above threshold the laser photon statistics form a Poisson 
distribution, ie the laser output approximates a coherent state.
In order to obtain analytical solutions all these treatments made what turns out to be an 
important approximation. They assumed that the rate at which atoms were transported 
out of the ground state by the pump was much slower than any of the other spontaneous 
transition rates between levels, except that between the lasing levels. This is a good 
assumption for many laser mediums. The approximation means that you are effectively 
only solving for the atomic dynamics of the two lasing levels. The rest of the atomic 
system is treated as a pump reservoir. If this approximation is not made significant new 
effects appear.
This thesis reports the results of a study of the quantum optics of multi-level lasers. By 
multi-level we will generally mean 3 and 4-level lasers in which the dynamics of all the 
atomic levels are explicitly retained.
The motivation for this work was to produce more complete laser models which could 
be used to predict quantum noise properties of the laser output light under a large range 
of operating conditions and relate them to experimental laser parameters. The major 
result of this work is that conventionally pumped multi-level lasers can produce intensity 
squeezed light. Previously it was thought that only regularly pumped lasers could 
produce squeezed ligh t The solution method used is a direct extension of the standard 
2-level model. The examination of the mechanism for the squeezing and the conditions
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required to see the squeezing form the bulk of this thesis. In the final chapter we present 
experimental results from an erbium doped optical fibre laser and compare these to the 
predictions of our model.
1.1 Thesis Plan.
The thesis structure will be as follows:
In this chapter we review the field of squeezed light in general, squeezed light from 
lasers in particular and optical fibre lasers. Then we will examine the solution techniques 
used to get our fully quantum mechanical results. Finally we will present a summary of 
the major results of the thesis.
In Chapter 2 we first discuss the nature and limitations of the three laser models 
examined in this thesis. The models are; (i) a 3-level model with incoherent pumping, 
(ii) a 4-level model with incoherent and classical coherent pumping, (iii) a 4-level model 
with pumping via a quantized pump mode. Then, starting from the master equation for 
the reduced density operator of the atoms and cavity, we obtain the Fokker Planck 
equation for the laser in the generalized P-representation of Drummond and Gardiner. 
Semi-classical equations of motion and linearized diffusion matrix elements are 
presented for each laser model. We show how the amplitude squeezing spectrum may 
be obtained from these results. We present squeezing spectra demonstrating amplitude 
squeezing in conventionally pumped lasers.
In order to better understand the physics of the amplitude squeezing demonstrated in 
Chapter 2 we present a classical statistical model in Chapter 3. The advantage of the 
statistical model is its simplicity. The physical mechanism of the effect is clear and 
complex pump cycle schemes can be more easily assessed for squeezing. The 
limitations of the statistical model are that it is only valid; (i) far above threshold, (ii) 
when the lasing transition is rapid compared to other pump cycle rates and (iii) with 
negligible spontaneous emission across the lasing levels. We obtain analytical solutions 
for the Fano factors of the output light for the incoherently and classically coherently 
pumped 3 and 4-level lasers.
In Chapter 4 we obtain rate equations for the joint atomic level and photon number 
probabilities. Non-diagonal density matrix elements are eliminated by assuming they are 
strongly damped. The advantage of the rate equation approach is its simplicity, both 
conceptual and technical, whilst still being rigorous. Also results are obtained without
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the need for linearization. We present numerical results for both coherently and 
incoherently pumped 4-level lasers. The results are consistent with those of Chapter 2.
In Chapter 5 we explore the various solutions we have obtained in previous Chapters 
identifying the conditions under which laser squeezing is optimized. To illustrate the 
points made we relate our models to real laser systems. We identify fibre lasers as 
candidates for producing squeezing.
In Chapter 6 we present the results of noise and power measurements on an erbium 
doped fibre laser. We compare the results to the predictions of our theoretical model and 
hence draw conclusions about the accuracy of our model in describing this type of laser. 
We find the quantum noise properties of the laser are obscured by classical beat noise 
due to multi-mode operation. We discuss conditions under which single mode operation 
can be obtained.
1.2 Squeezed Light.
In this section we will review the field of squeezing in general and that of squeezed light 
from lasers in particular. The idea of squeezed states has been around for some time 
[R ef.l.11-1.13]. In the following discussion we will follow the treatment of Walls 
[Ref. 1.14].
1.2.1 The Squeezed State
Coherent state light can be regarded as a classical wave with a small "fuzziness" or 
uncertainty. Although the fuzziness is quantum mechanical in origin it can be treated as 
classical stochastic fluctuations. The fluctuations occur equally in the amplitude and 
phase of the wave. As these fluctuations limit the sensitivity of measurements the noise 
level of coherent light is often referred to as the standard quantum limit or the quantum 
noise lim it Consider the properties of a single mode of the electro-magnetic field with
annihilation operator ä  and creation operator o ' . These operators obey the standard 
boson commutation relation
[<U+] = 1. (l.i)
We can write a  as a linear combination of two Hermetian operators;
a = X1 + iX2. ( 1.2)
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X\ andX 2 are roughly analogous to the phase and amplitude quadratures in the classical 
theory of light. It follows from Eq.1.1 that these operators obey the following 
uncertainty relationship;
AX!AX2 > 7 .  (1.3)
4
where (AXj j  = (Xj^j ~ (Xj)  is the variance of the quadrature. A coherent state is a 
minimum uncertainty state (equality in Eq.1.3) for which
AXi = AX2 = | .  (1.4)
Clearly there is a multitude of other minimum uncertainty states which have reduced 
uncertainty in one quadrature at the expense of greater uncertainty in the other. These are 
the squeezed states. States in which
A X j > i > A X 2 (1.5)
are referred to as phase squeezed states and states in which
AXx<i<AX2 (1.6)
are referred to as amplitude squeezed states. We will use these terms in a general sense 
when Eq.1.5 or 1.6 are satisfied even if the states are not minimum uncertainty states.
If the squeezing is not too large [Ref. 1.14] Xj can be directly related to the photon 
counting statistics of the light Using the approximation a' = (XQ+ 8a \  ccq rea*’ w^ere 
otq is the deterministic, semi-classical, steady state part of the amplitude and Sa  ^ is the 
quantum mechanical fluctuating part we can write (using Eq.1.2)
X\ = + = aQ + ^ ö a  + s  ccq + 5X\. (1.7)
Now we can calculate the variance in the photon number
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(n,n) = + ^ ^ ( « 0  + ^ ) . ( « 0  + ^ ) { a 0 + #z)
a Q ^  + 2ccqöXi + 8a^Sa\(c c q 2  +  2ccqSXi +  Sa' da
= 4ao2(^ l^ l)
= 4«A^i2 ( 1.8)
where h is the photon number operator and n is its expectation value. We have used the 
short hand notation A = (k,  Ä'j = (a ^J -  . It is useful to define the Fano factor
^ 2
of the light as /  = ----- . In statistical theory a Poissonian distribution h a s /= l. Using
n
the conditions Eq.1.4, 1.5, 1.6, we find coherent light has f=\,  phase squeezed light 
has f> 1 and amplitude squeezed light has/< l. Thus the standard quantum limit has /=1.
Hence amplitude squeezed light can loosely be thought of as light in which the 
stochastic fluctuations in its amplitude have been suppressed below the standard 
quantum limit at the expense of larger fluctuations in its phase. For phase squeezed light 
the converse is true. Squeezed light can not be described by classical stochastic theory 
as will be discussed in section 1.4.2.
Squeezed states have been produced by the non-linear interaction of light and matter 
such as in the parametric amplifier, 4-wave mixing and optical bistability [Ref. 1.15]. In 
such experiments the squeezing is detected via a phase sensitive measurement such as a 
homodyne measurement. The phase of the local oscillator is adjusted until it is aligned 
with the squeezed quadrature. The spectrum analyser will then detect a sub-Poissonian 
photo-current, ie a photo-current with a noise level below the standard quantum limit
Such experiments are difficult to perform. The experimental set-up is complicated and 
the efficiency of squeezed light production is very low. The search continues for a 
practical squeezed light source.
Squeezed states are important both from a scientific and a technological point of view. 
As squeezing is a fundamental quantum mechanical property of the light it can be used 
to test the foundations of quantum mechanics. In certain high precision measurement 
situations (eg; gravity wave detection) quantum noise limits the sensitivity of the 
detector. The use of squeezed light can increase the sensitivity. Similarly in optical 
communications if information is transmitted in the quadrature with reduced noise then
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an improved signal to noise ratio can be achieved.
1.2.2 Squeezing from  R egularly  Pum ped Lasers.
The standard 2-level laser model (or multi-level model with slow pump rate 
approximation) predicts that the intensity noise spectrum of the output light far above 
threshold will be at the standard quantum limit [Ref. 1.8-10]. The spectrum may be 
divided into two distinct regions. At high frequencies, well above the empty cavity 
linewidth, the cavity filters out the noise on the internal light mode. The remaining 
fluctuations at the standard quantum limit originate from vacuum field fluctuations 
incident on and reflected back from the mirror [Ref. 1.16]. In terms of photons, if we 
look on short enough time scales we will only see the random (Poissonian) noise 
associated with the partition of photons between reflection and transmission at the cavity 
mirror.
At frequencies well below the cavity linewidth the noise properties of the atomic emitters 
can be seen, ie if we look for times much longer than the cavity retention time we only 
see the statistical properties of the atomic emission. If the absorption of pump 
excitations occurs in a Poissonian way, as is usually assumed, then far above threshold 
fluctuations at the standard quantum limit will be passed through the inversion to the 
internal mode. Thus the spectrum at low frequencies will also be at the standard 
quantum limit. If however the pump is "noisy" (super-Poissonian) excess noise will be 
seen at frequencies below the cavity linewidth.
In the mid eighties Golobev and Sokolov [Ref. 1.17] observed that if the pump was 
"quiet" (sub-Poissonian) then the internal mode could have sub-Poissonian fluctuations 
and hence the output spectrum would show a Lorentzian dip below  the standard 
quantum limit, i.e. the laser light would be amplitude squeezed. A number of schemes 
were put forward whereby quiet or regular pumping could be achieved. These include 
optical pumping with regularized pulses [Ref. 1.17], optical pumping with squeezed 
light [Ref. 1.18] and electrical pumping with a regularized current [Ref. 1.19]. The final 
scheme was realized experimentally by Machida and Yamamoto in 1987 when they 
successfully detected squeezed light from a diode laser with a regularized pump current 
[Ref. 1.20]. Note that a phase sensitive measurement was unnecessary to detect the 
squeezing as the diode laser was amplitude squeezed, and hence in accordance with 
Eq.1.8 produced sub-Poissonian light.
Unfortunately diode lasers are prone to optical instability due to optical feedback, hence
CHAPTER 1 7
squeezing is only seen under stringent conditions. To date squeezing in diode lasers has 
only been observed by a few groups [Ref. 1.21].
1.2.3 Squeezing from Lasers with Intra-cavity Non-linear Absorbers.
A second class of lasers that may produce squeezed light are lasers with non-linear 
absorbers inside their cavities [Ref. 1.22, 1.23]. The effect of the nonlinear absorber is 
to regularize the intracavity photon number via feedback. As a result the output light can 
be squeezed. Although strong squeezing is predicted in the intracavity field, squeezing 
in the output is restricted to 50% [Ref. 1.24]. This is due to vacuum fluctuations 
reflected from the output mirror. Squeezing has not been observed experimentally from 
this class of laser.
1.2.4 Squeezing from Conventionally Pumped Lasers.
In the previous two examples the squeezed lasers were modified in some way from the 
standard laser model. During 1990 three groups independently identified new conditions 
under which lasers could produce amplitude squeezed light which did not require any 
modification to the standard laser model. The groups were Khazanov et al [Ref. 1.25], 
Ralph and Savage [Ref. 1.26], and Ritsch et al [Ref. 1.27]. The new squeezing 
mechanism was first reported by Khazanov et al who showed that a particular 3-level 
laser could produce sub-Poissonian light. Ralph and Savage reported that the output 
squeezing spectra of a number of different 3- and 4-level lasers showed amplitude 
squeezing. Ritsch et al identified the mechanism for squeezing by showing that a 
sequence of independent incoherent transitions of similar rates transport an electron 
more regularly than a single transition. Thus a pump made up of such a sequence 
mimics a regular pump. We will refer to this mechanism as "rate matching". Hart and 
Kennedy found that laser squeezing can be predicted by a diagonal photon number 
representation [Ref. 1.28]. Coherently pumped 4-level lasers were shown by Ralph and 
Savage to produce significantly more squeezing than similar incoherently pumped lasers 
[Ref. 1.29]. This was explained by a generalization of the simple statistical laser model 
of Ritsch et al. Ralph and Savage also showed that the squeezing could be predicted 
using a rate equation approach without the need for linearization [Ref. 1.30].
Squeezing due to mechanisms separate from rate matching were subsequently found to 
be predicted in a number of other laser models. Ritsch and Marte found strong 
squeezing in the Raman laser [Ref. 1.31]. Zakrzewski et al [Ref. 1.32] and Gheri and
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Walls found squeezing in dressed state lasers [Ref. 1.33]. Perhaps most surprisingly 
Kolobov et al have shown that in the bad cavity limit the open 2-level laser can produce 
squeezing at non-zero frequencies [Ref. 1.34].
To date no experimental demonstration of squeezing in conventionally pumped lasers 
has been made though Ralph et al have discussed the practicalities of realizing the effect 
in fibre lasers [Ref. 1.35].
1.3 Fibre Lasers.
In the final chapter of this thesis we present experimental results obtained from an 
optical fibre laser. In this section we briefly review the field of fibre lasers.
Rare-earth doped, single transverse mode, fibre lasers were first demonstrated by Mears 
et al [Ref. 1.36] in 1985. The fibre core radius is typically a few microns supporting 
only the fundamental fibre mode at the lasing frequency. Optical pumping is achieved by 
coupling light into the fibre end. The cleaved ends of the fibre have approximately 4% 
reflectance which can be sufficient to form a resonator. Alternatively mirrors may be 
butted up to the ends of the fibre or gratings can be used for both optical feedback and 
wavelength selectivity [Ref. 1.37]. The smallness of the core leads to lower threshold 
powers and better heat dissipation than found in bulk materials. Losses are minimal. 
Usually silica glass is used as the medium however a range of host glasses exist. The 
type of glass can dramatically effect the phonon decay rates of the active atoms 
[Ref. 1.38].
The most popular dopant for fibre lasers is erbium due to its lasing wavelength in the 
transmission window around 1.5|im. Erbium can be modeled as a 3-level laser. Lasing 
occurs between the ground energy band, ^/i5/2* and the first excited energy band,
4/l3 /2 , at wavelengths between 1.5|im and 1.6pm. Erbium may be optically pumped 
at a number of wavelengths including 514nm and 980nm. Most efficient pumping is 
achieved with 980nm as other pump wavelengths suffer from significant amounts of 
excited state absorption of pump photons (ESA). In a silicate glass host multi-phonon 
decays between adjacent levels dominate the relaxation rates of the erbium ions. In 
ZBLAN glasses however optical relaxation rates to ground have a magnitude similar to 
the multi-phonon rates. This leads to less efficient operation in ZBLAN. Other glasses 
such as germanate or tellurite lie in between these extremes [Ref. 1.38].
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1.4 Solution Methods.
In the following we will briefly examine some of the more specialized techniques used 
to solve the problems in this thesis. In Fig. 1.1 we present a flow chart outlining the 
solution technique for the fully quantum mechanical approach of Chapter 2, noting the 
major approximations that are made.
1.4.1 The Master Equation.
In both the fully quantum mechanical approach of Chapter 2 and the rate equation 
treatment of Chapter 4 we take as our starting point the master equation for the reduced 
density operator in the interaction picture. We now discuss the derivation of the master 
equation.
Often in physics in general and quantum optics in particular we are interested in  the 
behaviour of a small system interacting weakly with a very large system in which the 
small system suffers an irreversible decay of energy to the large system. In addition 
fluctuations in the large system affect the small system. However the small system has a 
negligible effect on the large system which can be assumed to stay in thermal 
equilibrium. Hence the large system is often called the reservoir. For example the 
electromagnetic field in an optical cavity (the system) interacts with a large number of 
vacuum modes (the reservoir) through the cavity mirror. As a result the field decays 
from the cavity. Also the zero point fluctuations of the vacuum are introduced into the 
field. Similarly the spontaneous decay of atoms can be described by the interaction of 
the atom system with a reservoir of field modes or phonon modes in a solid. The proper 
inclusion of such effects is crucial in the modeling of laser systems, especially when 
studying the statistical properties of the laser light
The master equation approach is commonly used in quantum optics to model systems 
where system/reservoir interactions are important. The basic strategy is as follows 
[Ref. 1.39]: The system/reservoir combination can be described by a density operator 
pu whose dynamics are described in the Schrödinger picture by
In general this is not a solvable problem. However we are really only interested in the
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REAL SYSTEM
«SINGLE MODE APPROX.
I «DIPOLE APPROX.
^  «ROTATING WAVE APPROX.
HAMILTONIAN
«BORN APPROXIMATION 
«MARKOFF APPROX.
MASTER EQUATION
«SCALING WITH LARGE 
ATOMIC NUMBER
FOKKER PLANCK EQUATION 
^  «LINEARIZATION 
SQUEEZING SPECTRUM
Fig. 1.1; Flow chart of solution method for fully quantum mechanical treatment 
showing major approximations.
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system's evolution, ie in system operators such as a .  The expectation value of such an 
operator is given by
(a) = tru{apu(t)} = trs{a trrpu(t)} = rrs{ap(l)} ( 1 . 10 )
where tru means "trace over the system and the reservoir", trr means "trace over the 
reservoir" and trs means "trace over the system". p{t) is called the reduced density 
operator for the system and its dynamics contain all the information in which we are 
usually interested. The equation of motion for p(t) is called a master equation. To 
derive the master equation we must make certain assumptions about the reservoir, (i) the 
reservoir spectrum is flat across the system bandwidth, and (ii) the coupling constant for 
the interaction is weak and frequency independent across the system bandwidth. Under 
these conditions the correlation time of the reservoir will be much shorter than the times 
of interest in the system, thus enabling us to make a Markoff approximation [Ref. 1.40].
The basic strategy used to obtain the master equation is as follows. We solve the 
interaction picture equivalent of Eq.1.9. to second order in perturbation theory by 
assuming the interaction is weak (Bom approximation). We trace over the reservoir, 
using the assumption that the reservoir has a very broad bandwidth to make a Markoff 
approximation. We thus obtain the interaction picture master equation for the reduced 
density operator of the system. It will be valid for timescales long compared to the 
inverse bandwidth of the reservoir. The inverse bandwidth of the reservoir is expected 
to be very short due to its very dense ensemble of energy levels [Ref. 1.41]. Gardiner 
estimates this time to be about a picosecond [Ref. 1.42].
1.4.2 The Generalized P-Representation.
The standard technique in laser theory for transforming the operator master equation into 
a c-number Fokker-Planck equation is to expand the field in a diagonal, coherent state 
representation known as the P-representation [Ref. 1.8]. However if the laser emits a 
"non-classical" field (eg squeezed) then in general the resulting quasi-Fokker-Planck 
equation will not have a positive-definite diffusion and hence cannot be solved by this 
technique.
To avoid this problem we use the generalized P-representation developed by Drummond 
and Gardiner [Ref. 1.43]. This normally ordered representation is defined with variables 
that are in general complex. This allows non-classical as well as classical photon 
statistics to be treated. Non-classical photon statistics cannot occur in a normally ordered
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probabilistic phase-space representation if real variables are used to represent Hermitian 
operators. Thus the distribution is defined on an n-dimensional complex space not on 
the n-dimensional real space that would be used in the standard P-representation.
It can be verified that a Fokker-Planck equation obtained in the generalized P- 
representation will always have positive semi-definite-diffusion. Standard techniques 
can then be used to solve for the internal field correlations of the laser.
1.4.3 The Input/Output Formulism.
To calculate the output noise spectrums presented in this thesis we have used the 
input/output formalism developed by Gardiner and Collett [Ref. 1.40]. Given a 
particular input field their theory relates the time correlations of the output field to those 
of the internal field via the boundary condition at the output mirror. In all our models the 
input field to the laser cavity is the vacuum, ie the reservoir is taken to be in thermal 
equilibrium at zero temperature.
In the 4-level laser with a quantized pump mode the input field for the pump cavity is a 
classical driving field. The statistics of the driving field can be varied from thermal to 
coherent to squeezed by also coupling the field to; a thermal reservoir at non-zero 
temperature; a thermal reservoir at zero temperature or; a squeezed reservoir, 
respectively.
1.5 Summary of Major Results.
The major results of this thesis are;
(1) Conventionally pumped multi-level lasers can produce amplitude squeezed light far 
above threshold. The squeezing is a function of the pump and spontaneous decay rates, 
the number of energy levels in the system and the coherence properties of the pump.
(2) A simple statistical model of photon emission can reproduce the results of the full 
quantum model over a large range of conditions including the case of coherent pumping.
(3) The experimental conditions that favour the observation of laser squeezing include;
(i) A solid state active medium with either at least one slow atomic transition rate in the 
pump cycle or a level scheme that allows 2 or more upward pump transitions in the 
pump cycle (ie an up conversion laser).
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(ii) Efficient conversion of absorbed pump photons to detected laser photons.
(iii) A short cavity and an active medium with a small cross-sectional area such that;
(a) pump depletion is minimized,
(b) high pump intensities can be achieved,
(c) laser output powers are small even at high pump intensities and
(d) robust single-mode operation can be achieved.
(iv) Pump noise small enough such that for the given amount of pump depletion the 
pumping is effectively at the standard quantum limit
(v) A good cavity, ie high mirror reflectivities, such that atom/cavity coupling is strong.
(4) We demonstrate theoretically and experimentally a novel high power quenching 
behaviour in an Erbium doped fibre laser.
Much of the material in this thesis has been published. Publication details are found at 
the beginning of each chapter.
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CHAPTER 2.
THE FULLY QUANTUM MECHANICAL MODEL.
In this chapter we discuss the nature and limitations of the laser models examined in this 
thesis. Starting from the master equation for the reduced density operator of the atoms 
and cavity we obtain the Fokker Planck equation for the laser in the generalized P- 
representation. Semi-classical equations of motion and linearized diffusion matrix 
elements are presented for each laser model. We show how the amplitude squeezing 
spectrum may be obtained from these results. We present squeezing spectra 
demonstrating amplitude squeezing in conventionally pumped lasers.
Excluding sections 2.1.3 and 2.2.3, the material in this chapter has been published in 
Ref.2.1 and Ref.2.2.
2.1. The Laser Models.
Linearized quantum mechanical solutions will be presented for lasers based on the level 
schemes of Fig.2.1. Fig.2.1(a) shows an incoherently pumped 3-level laser in which 
the lower lasing level is the ground state. Incoherent pumping is modeled as inverse 
spontaneous emission. Under a range of conditions this is a good model for narrow 
band optical pumping of an atomic transition (see section 5.1.1). The solid state 694.3 
nm ruby laser and the 1530 nm Erbium laser are examples of 3-level lasers. Fig.2.1(b) 
shows a 4-level scheme which we have solved for both incoherent and coherent 
pumping schemes. The coherent pumping is modeled in two ways; (1) a classical field 
interacting directly with the atomic pump transition and (2) an externally pumped mode 
of the cavity resonant with the atomic pump transition. The second method allows 
different pump statistics to be modeled and the effects of pump depletion to be included 
The 4-level system provides a good model for Nd:YAG and many similar lasers. In the 
following we will obtain the master equations for each of the models and then discuss 
their limitations.
2.1.1. The 3-level Model.
We consider A of the 3-level atoms of Fig.2.1 (a) interacting with a single optical cavity 
mode via the resonant Jaynes-Cummings Hamiltonian
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(b)
Fig.2.1; Schematic diagram of the level structures considered. Pumping is either 
incoherent at rate T or coherent with field strength proportional to E.
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N
«12 = '»S12 Y.^dnß - ^ 1 2 »  )
ß = \
(2. 1)
and the level li> to level !j> transition of an atom, p  labels the different atoms, ä and cr 
are the cavity mode annihilation and creation operators, and <j C and <7i  are the
hermitean conjugate lowering and raising operators between levels li> and lj> for the 
fj. th atom. The field phase factors have been absorbed into the definition of the atomic 
operators.
Following standard techniques [Ref.2.3, 2.4] we introduce dissipation by coupling the 
atoms and cavity to reservoirs and derive a master equation for the reduced density 
operator p  of the atoms and cavity by making a Markovian approximation and tracing 
over the reservoirs. The resulting interaction picture master equation is
d  /v 1 rf*f a ,
“TTP = ~[^12»P] d t ih
4KV(rx [3+ s  n J ,3 + n 3 £,13+ y12 L n + m  ^23)p
(2.2)
where
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LijP = 1(2'V  - *t]p V  P ~ßd tiu
P=\
yp
A / p  = L<-2°ijß P°lJß -  ° ijß ° ijß p - p o iju aiju).
P= 1
yp
U-jP = ^ 2{ ^ i ß - ö j ß ) p { o i ß - a ]ß) - { a i ß - a j ß )2 p - p [ ä l ß - a j ß )2) 
P= 1
&iß is the population operator for the ith level of the ßth atom. Included in our laser 
model are atomic spontaneous emission from level I3> to level I2>, from level I3> to 
level ll> , and from level I2> to level ll>, at rates 723, 713, 712 respectively. 
Incoherent pumping from level ll> to level I3> occurs at rate T, and excited state 
absorption of the pump is modeled as incoherent pumping from level I2> to level I3> at 
rate <5T where S is the ratio of the upper lasing level pump absorption cross-section to 
the ground state pump absorption cross-section. Yp is the rate of collisional or lattice 
induced phase decay of the atoms. The cavity damping rate is 2 k .
2.1.2. The 4-Ievel Model with Incoherent and Classical Coherent 
Pumping.
Now we consider N of the 4-level atoms of Fig.2.1(b) interacting with a single optical 
cavity mode via the resonant Jaynes-Cummings Hamiltonian
N  +
«23  = '*£23 l , ( ä ä 23ß > (23)
P = 1
The classical coherent pump is described by a resonant classical field interacting with the 
atoms via the Hamiltonian
N
HCP = M'L«’uß - a (2.4)
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Proceeding as before the interaction picture master equation is
T7P = ^[«23.P] + ^ [«C/>.P]d  t ifi iH
+ ^ ( r i i4  + 714 l \4 + 734 l 34 + 712 L+ 723 ^ j p  
+ ^ ( 7 p l  ^ 3 -2  + 7p2 ^ 4 -l)p
+ K(2äp -  cftap - p  a* a) (2.5)
Our 4-level laser model includes atomic spontaneous emission from level I4> to level 
I3>, from level I4> to level ll>, from level I3> to level I2>, and from level I2> to level 
ll>, at rates 734 , 714, 723* 712 respectively. Yp\ is the rate of collisional or lattice 
induced phase decay of the lasing coherence whilst 7^2  is the rate of collisional or 
lattice induced phase decay of the pump coherence. Incoherent pumping from level ll> 
to level I4> occurs at rate I \  and the cavity damping rate is 2k .
2.1.3. The 4-level Model with Quantized Pump Mode.
We again consider A of the 4-level atoms of Fig.2.1(b) interacting with an optical cavity 
mode via the resonant Jaynes-Cummings Hamiltonian Eq.2.3. In addition the atoms 
interact with a second optical cavity "pump" mode via the resonant Jaynes-Cummings 
Hamiltonian
H14 = <ftS14 X (* t<J14u “ *^14 ) 
P=1
(2.6)
A a 4*
where b and b 1 are the pump mode annihilation and creation operators. The pump 
mode is driven by a resonant field interacting with the cavity via the Hamiltonian
HC = (W ö t -ö ) . (2.7)
As before we proceed by coupling the atoms and cavity to reservoirs. By coupling the 
pump mode to a thermal reservoir or a squeezed reservoir we can model the effects of 
pumping the atoms with classically noisy light or broadband squeezed light respectively
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[Ref.2.5]. The resulting interaction picture master equation is
4 - P  = ^ [« 2 3 .P ] + ^ ["14.P] + ^ [ % P ]d t ifi ifi ifi
+ ^ (/1 4  k 4  + 734 ^34 + 712 ^12 + 723 L23)ß
+ ^ ( 7 p lL3-2 + 7p2^4-l)p  
+ Ka( l a p cfi - cfi aß - pa*a)
+ +1)^ 2 bp ifi -  ifi bp -  p ifibj
+ Kfy nth(lifi p i  -  bbfi p -  p bkfi J 
-  Kfy m i^ i f ip i f i - i f i i f ip  - pifiifi  j
^{/  A A A A A A \
- K b rn \ 2 b p b - b b p - p b b )
The cavity damping rate for the laser mode is 2 Ka and the cavity damping rate for the 
pump mode is 2 Kfr. nth and m determine the correlation properties of the reservoir. 
Taking m real the P<xno -f‘^ c;^ o r ' the driving field is given by
f  = 2^nth + m + [Ref.2.6]. For m=0, ntfr is the number of thermal photons in the
pump mode reservoir. Increasing n increases the variance of the driving field 
modelling a classically noisy pump. A minimum uncertainty squeezed state is realized
when mL = nt^(nt^ + 1). If m<0 the driving field is amplitude squeezed. If m>0 the 
driving field is phase squeezed. A coherent state is described when n[^ l=m=0.
2.1.4. Limitation of the Models.
The interaction Hamiltonians for all the models are electric dipole and rotating wave 
approximations. These are good approximations at optical frequencies. The finesse of 
the cavity is assumed to be sufficiently high that one may make the mean-field 
approximation. Other major simplifying assumptions contained in these models of the 
laser are;
(i) single mode operation,
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(ii) plane wave approximation,
(iii) constant number of atoms.
Single mode operation is commonly achieved in some laser systems. The effect of 
multi-mode operation will be discussed in section 5.5.
The transverse profile of the cavity laser mode inside the cavity will lead to variation in 
the dipole coupling, g[j , across the active medium. Variation in pump intensity may also 
occur. These effects have been included in theoretical calculations of the squeezing 
spectra of multi-level lasers [Ref.2.7]. It was found not to seriously effect the 
squeezing. They will be dicussed in section 5.3.1 and 5.3.2. F o r e x ilic »4-fo n ^  o f
see 5.)&.
In solid state lasers the number of atoms in the active region remains constant. In gas 
lasers for which the volume of the active region is much smaller than the total volume of 
gas the number of atoms fluctuates with Poissonian statistics [Ref.2.8]. If these 
fluctuations occur on a timescale shorter than the inverse frequency of the spectral 
analysis then their statistics will dominate the output destroying any squeezing.
2.2 The Squeezing Spectrum.
We now describe the method used to obtain the squeezing spectrum. We will work 
through the case of the 4-level laser with incoherent and classical coherent pumping in 
detail then summarise the results for the other two models.
2.2.1. The Squeezing Spectrum for the 4-level Laser with Incoherent and 
Classical Coherent Pumping.
The operator master equation (Eq.2.5) is equivalent to a c-number Fokker-Planck 
equation for the positive P-representation of Drummond and Gardiner [Ref.2.7]. A 
correspondence is defined between c-numbers and operators
a '  a' 
a  <r> ä y
j t  <->
N
1
ß = \ ijß
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N   ^ A
J i + * J i s  u ' £  ° iju  ’ (2 -9)
/z=l ß - 1
by intrcxiucing the normally ordered characteristic function
i  = exp(/Ai7i24)exp(/Ai6yjH2)exP(^15^34)exP(^14^i3)exP^^13^23^)exp^ 1 2 ^ +14) 
exp(/A 1174) exp(/A 10 73) exp(i A 9 /2 ) cxp(/A g 7  ^4) exp(/A 7 723) exp(/A 5 J\ 3) 
exp(/A 5 734) exp(/A 4 7i 2) exp(i A 3 ^ 4 )  exp (/A 2 a^) exp(i A1 a)
(2 . 10)
We define a P-representadon in seventeen-dimensional complex phase space by
P(ä)  = J d 2Ai....... d 2Ai7 e_ a  ® Xn . (2.11)
X = (Aj,.......A17), 5 = (ai,a2.......... .an ) = (a ,a \724.-—
Xn = 7> l ip |.
Hence
■j-nä) = \ d 2Xi ....... d 2A17 e~iX T r j i ^ J  (2.12)
Eq.2.12 can be expanded using Eqs.2.5 and 2.10 to obtain a partial differential equation 
containing derivatives of infinite order in the atomic populations (see Appendix 1). 
Adopting the following standard scaling of the variables and dipole coupling constant 
with the number of atoms
a  = ä  N 1!2 Jjj = JijN Ji = JjN g = gN~ l/1  (2.13)
where a tilde denotes a scaled quantity, reveals that the terms containing derivatives of 
higher than second order are negligible in the the limit of many atoms [Ref.2.4, 2.9]. 
This scaling is appropriate well above threshold.
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Truncating higher order derivatives we obtain the Fokker-Planck equation
____d _
2 d ag
Dg^(a) P(ä) (2.14)
Eq.2.14 is equivalent to a system of stochastic differential equations [Ref.2.10]. These 
equations contain deterministic terms obtained from the drift vector, ( ä ) ,  as well as
5-correlated noise terms with zero mean. The noise terms arise from the diffusion 
matrix, Dg^(a)y and describe the quantum fluctuations. If the noise terms are ignored 
semi-classical equations of motion may be obtained from the drift vector via 
= Ae(a).  They are;
«  = «23- 2^3“ kw, ]\2  = £^24+ ^23^^13-  ^ (r  + 7 l2+ +
■^ 13 = ^ 3 4 -«23 ^12“  “ ^ ( r  + r23 + ^ -  + ^ V l 3 '
J \4 = E(J4 -  J \) -  ^<T + /34 + 714 + 27p2Vl4.
■^ 23 = «23(^ 3-^ 2)ä-^ (723+ 7l2 + 2ypl)^23.
J34 = -£7j+3-«23 /24ät -^(723 + 734+ 7l4 + ^  + ^ pV 34.
724 = - ^ 1 2  + $23 ^34«f "  -j(712 + 734 + 714 + ^  + 2 ^ 24’
h  = «23(^23«t + ^ 23ö) + 722 ^3" 712 h 
h  = "l23(^23«t + ^ 23«) + 734 h  ~ 723 h
j 4 = - £ ( / l4  + 714) + r 7 1-(734  + 714) J4 (2-15)
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where the absence of circumflexes indicates expectation values of the corresponding 
operators. By setting the derivatives in Eq.2.15 to zero we can solve for the semi- 
classical steady state (see Appendix 2).
To solve for the squeezing spectrum we first assume that the quantum fluctuations are 
sufficiently small that we can treat them as linear perturbations around the semi-classical 
steady state. This is appropriate for the levels of squeezing we obtain. We write the full 
solutions in the form
where «o» h j \0 anc* h \0 are stable steady state solutions to Eqs.2.15. Note that the 
phases of these complex solutions are undetermined, hence without loss of generality 
we take them to be real. Fixing this phase limits the time for which the approximation of 
small quantum fluctuations is valid. This is because the laser phase diffuses away from 
its initial phase. However this should not limit the validity of the intensity statistics 
which are of interest here. We obtain the following linearized stochastic differential 
equation describing to first order the fluctuations in the field and atomic variables:
ä  = ä()+ &Z, Jij = J/y;0 + ÖJij, Ji = Jj;0 + (2.16)
— 5ä = -A ySä  + F(t) (2.17)
a = cto
Here äg  means the right-hand side of the corresponding Eq.2.15. 
The noise correlations are given by
where
and the non-zero terms of the linearized, symmetric, diffusion matrix £>/j ;o a re ;
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°9,9;0 = ~2m  223,0 «0 + 712 ^2;0 + 723 h f i  
D10,10;0 = - 2«23 ^23;0 «0 + 734 h ;0  + 723 h;0  
% J6 ;0  = °4, 5;0 = %14;0 = °6 ,3 ;0  =  EJ23;0 
% 14;0 = °6, 5;0 = E(h \0  ~ Ä;0> + 723 Ä4;0
_ f  Yn\^\
D4,16;0 = -2£/l4 ;0  + r/2;0 + 723^3;0+ 2yp2 + ~ f -  h \0
°6,14;0 = - 2£7i4;0 + r + l £ l + M •^ 3;0
°12,12;0 = °8,8;0 = 2£^14;0
° 1 1,11;0 = -2£?14;o + 1 %  + (734 + 714) h ;0
°1Z16;0 = d4,.3 ;0 = £ (^2;0 “ •ÄjO) °13,13;0 = °7,7;0 = 2l23 ^23;0 «0
°10,9;0 = 2123 ^23;0 «0 ~ 723 •%> ^10,11;0 = "734 ^4;0
°3,17;0 712 +
7pl
j 4;0 + rA;0 °7,13;0 = (712 + 2 7 p l) h ;0  + 723 ^4;0
°9,7;0 = °9,13;0 = 712 ^23;0
7pl 7p2 '723 + —i— + —^
J 2 2d5,15;0 
°6,16;0 = °4,14;0 = I £ +
^4;0 + r ^l;0
hy,o7p2 7 p lx2 2
°8,12;0 = r-Ä;0 + (r  + 2yp2p4;0
D!?4;0 = Ol6,3 ;0 = %,6;0 = °14, 5;0
x 7pl Yp2'
hA-,0 (2.18)
The amplitude squeezing spectrum is defined by
V(X, CO) = J exp[/<u r](x(f + (2.19)
where
is the quadrature phase amplitude of the cavity output field and we have used the
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notation (X ,Y ) = (XY) -  (X){Y). The output, input and internal fields are related by the 
boundary condition at the cavity mirrors. The input field is the vacuum. The theory of 
Collett and Gardiner [Ref.2.5] then gives the following key results for the output field:
[äout(t),älut(0 ]  = S(t-t ' ) .  ( < W  t + T )Jou((0) = 2 + r),<5a(f)>
(äoUt(r+ T>’äout(0) = 2*r'(<5a+(f + x),Sa(t)j  (2 2Q)
where k ' is the optical loss rate through the output port being observed [Ref.2.11]. 
Using Eq.2.20 in Eq.2.19 the squeezing spectrum can be written
V(X,  co) = 1 + 2 k '[Su (co) + S2\(co) + Si i (co) + S22 (co)] ( 2 . 21)
where the spectral matrix S(co) is given by the Fourier transform
oo
si j=  \ e i m {5&i(t+x\5äj(t))dx  (2.22)
— OO
(8a j  is theyth element of 8a)  and can be calculated using [Ref.2.12]
S(co) = (Aq -  imD _1D0^ 0 r  + im 1)_1 (2.23)
Due to the size of the matrices in Eq.2.23 the evaluation of V(X,co) is performed 
numerically.
In Fig.2.2 we present the squeezing spectrum of the incoherently pumped 4-level laser 
showing the output light is amplitude squeezed. The parameters have been chosen to 
show the maximum squeezing for this model. The maximum squeezing is 66.7% at zero 
frequency. The spectrum is a Lorentzian with a linewidth corresponding to that of the 
laser cavity. In Fig.2.3 we show the zero frequency squeezing as a function of pump 
rate for both the incoherent and coherently pumped 4-level lasers and the 3-level laser 
(derivation next section). This figure demonstrates that the squeezing has a strong 
dependence on the pump rate, the coherence of the pump and the level scheme. The 
coherently pumped laser produces the most squeezing (up to 80%). The 3-level laser 
produces the least (up to 50%).
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Fig.2.2: Squeezing spectrum, V(co) versus co, in units of y\2, for the incoherently 
pumped 4-level laser, showing maximum squeezing. Parameters in units of 712 
a r e ;  g\2 = 100, k ' = k = 1, 723 =.0007, 734 = 0.5, T = 0.5,
r i4=7pl  = 7p2 = £ = 0-
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In Chapter 3 we will identify the physical mechanism behind these results using a 
statistical model. In Chapter 5 we will use the quantum model to make predictions about 
squeezing in real systems.
2.2.2 The Squeezing Spectrum for the 3-level Laser.
For the 3-level model we use the following characteristic function
X = exp(i A i o ^ 3) exp(i A 9./ *3) exp(/A g /£>) exP(* ^  7^2) exP(* A 5 /1)
exp(a5yi2)exp0'A4/|3)exp(/A3y23)exP(^2öf )exP0^1^) (2.24)
and obtain the following semi-classical equations of motion
-  1 Y p  _
& = g \ i h i ~ K«-  ^ i3  = l i 2 0 / 2 3 - 7 ( r + r i 2 + ^  r + - 3 / 1 3 ,
•^ 23 = -S12 r  + X23+ /12  + n 3 + 2 ^ 2 3 ’
h l  = g \ l O l - h ) &- \ ^  + 5 r  + Yl2 + 2Yp)j\
h  = -«i2(j?i2«++ ^ 2« ) + /23 /3 -  (5 r + m )  h
h  = l l 2 ( Ä 2 « + + -^12«) + H 2  ^2 + 713 ^ 3 -  rA- (2-25)
The non-zero terms of the linearized, symmetric, diffusion matrix D / j ;o are ;
°7,7;0 = ~2«12 h l f i  «0 + (/12 + 5 T)/2;0 + 723 h f i
°6 ,6 ;0  = -2«12 ^12;0 « 0  + r  2l;0 + (/1 2  +<5 r p 2 ;0  + m  ^3;0 (2-26>
°7,6;0 = 2«12 hi-fi «0 ~ (ri2 ~ 5 r)^2;0
d5,5;0 = °8,8;0 = 2.?12212;0 «0 D5,6;0 = °8.6;0 = T J \lfi
°3,9;0 = ^O.^O  
(continued on page 16)
Yp
r i 3 - f hi-fi °io,3;0 P  + - y  h f i + m h f i
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Fig.2.3: The amplitude squeezing spectral variance, V = V^co = 10~^Yijj> versus
pump rate for the incoherently pumped 3 dev el laser (dotted line) and the 
incoherently pumped (dashed line) and coherently pumped (solid line) 4-level lasers 
(The linearized variance is undefined at exactly co =0  due to phase diffusion). For
the 3-level laser Y ij-Y 2 3  and P=T/4. For the 4-level lasers Y ij~ Y \2 • The 
incoherently pumped case has P=Tand the coherently pumped case has P -E . A 
coherent state has V(co) = 1 while perfect squeezing has V(co) = 0. Parameters of
_9
the 3-level laser in units o f Y23 are: 712 = *0 » 812 = 10» K' = K = 0.01, 
7 l3 = 7p = £ = 0. Parameters for the 4-level lasers in units o f Yl2 are:
723 = 10~2’ 734 = °-5> 823 = 10y k ' = k = 0.01, Y\4 = 7pi = Yp2 = °-
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°9,4;0 Y23+Y12 + -J- h o + Y 2 3 h o °5,8;0 = (r  + 2 Yp) + 723 h\Q
2.2.3 The Squeezing Spectrum for the 4-level Model with Quantized  
Pump Mode.
For the 4-level laser with a quantized pump mode we define the additional 
correspondence between operators and c-numbers;
ß b (2.27)
using the characteristic function;
X = exp(ai9/24)exp0'Ai8y1+2)exp(ai7y34)exp(ai6^1+3)exp(ai5i23)exp(ai4y+i4)
exp(ai3y4)exp(/Ai2i3)exp(ani2)exp(/Aioii4)exp(/A9y23)exP(^8^13)
exp(/A 7 734) exp(/A $ 2) exP(*^ 5^24)^ cxp(i A 4 bft) exp(/A 3 b) expO'A 2a*) exp(/A \ a)
( 2 . 2 8 )
We obtain the following semi-classical equations of motion;
«  = 823^23 ~ Kaä> ß  = «14-^14 ~ Kbß + E< 
j\2  = «14-^ 24 ß + 823ä^h3 ~ j(7 l2  + ^  + ^ pV l2-
•^ 13 =  « 14^34 ß - 8 2 3 h 2 ä - ^ ( Y 2 3  + ^ -  + •
Ä 4  = 8 \ ^ h ~ h ) ß  - ^ ( 7 3 4  + 7 l4  + 2 7p2V l4-
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■^ 23 = m ( h -  h )&  -^ (7 2 3  + 712 + 27pl)>23>
•^ 34 = - I l4 ^ +3 ß  ~ «23 >24«+- l ( y 23 + 734 + 714 + ^  + ^ p-)>34.
%  = - |1 4 ^ i+2 ß  + «23 >34«^ "  ^(712 + 734 + 714 + + -^p)>24.
•^ 2 = «23(>23«t  + >23«) + 723 >3~ 712 >2. 
h  = -«23(>23«t  + >23“ ) + )'34 >4 ~ 723 >3-
>4 = -«14(>14 0 t + >14 0) + r > l - (734 + 714) >4- (2.29)
The non-zero terms of the linearized, symmetric, diffusion matrix D j j -o are ;
° 1 1,11;0 = ~2«23 >23;0 «0 + 712 >2;0 + 723 %  
°12,12;0 = ~2«23 >23;0 «0  + 734 >4;0 + 723 %  
d !^18;0 = »6 7;0 = %,16;0 = £*8,5 ;0 = «14>23;0 00 
c )7,16;0 = °8, 7;0 = « 1 4 (%  “  >1;O>0O + 723 >14;0
D6,18;O = -2«14>14;O0O + 7 2 3 %  + 2Yp2 + ~ r -  %
°8,16;0 = -2«14>14;0 00 +
Ypl + Yp2 
2 2 %
°14,14;0 = °10,10;0 = 2«14>14;0 00 
°13,13;0 = -2«14>14;0 00 + (734 + 714> >4;0
% 18;0 = °6 ,S;0  ~ «14(>2;O->1;O)0O >>15,15;0 = °9,9;0 = 2«23 >23;0 <*o
Dl 1,12;0 = 2«23 >23;0 «0  "  723 %  Ol2,13;0 = "734 >4;0
°5,19;0 712 +
7pl
>4;0
°9,11;0 = °11,15;0 = 712 >23;0 
(continued on page 19)
°9,15;0 = (712 + 2 7 p l) %  + 723 >4;0 
°7,17;0 = f  723 + ^  >4;0
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Fig2 .4 : The amplitude squeezing spectral variance, V = V(co = 0.01 x 712), versus 
pump rate fo r the 4-level laser with quantized pump mode. The pump is noisy (n=l,  
m=0 ; dotted line) coherent (n=0, m -0 ; dashed line) and amplitude squeezed (n - 1, 
m = -V 2 ; s o l id  l ine) .  P a r a m e te r s  in units  o f  y y i  are:  
Y23 = 0.0001, 734 = 100, §23 = 1000, g\4  = 46, Ka = *7, = k ' = 1, 714 = 0 ,
Vp\  = Yp2 -  1000.
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d 6,16;0 = °8 ,1?;0
/ p 2  / p i
•^23;0
% 6 ; 0  = °1 8 , S;0 = % 8 ;0  = °16 , 7;0
/ p i  / p 2
c 2.,l f) = 2Kc/'th D 7.,Z;0 = 2Kcfn
°10,14;0 = (2 /p 2 p 4 ; 0
•/14;0
°1 ,1
In Fig.2.4 we show the zero frequency squeezing as a function of pump rate for the 4- 
level laser with a quantized pump mode. W e show three cases; (i) coherent pump, (ii) 
squeezed pump, (iii) pump with thermal noise. Parameters have been chosen to high­
light the effects. As expected pump noise degrades the squeezing whilst a squeezed  
pump increases the output squeezing. In section 3.2.2 we will investigate these effects 
using a statistical model. In 5.4.2 we will look in detail at the effect on real systems of 
pump noise.
2.3 Summary.
In this chapter we have developed fully quantum mechanical m odels o f conventionally  
pumped 3 and 4-level lasers in which the dynamics o f all the variables have been 
explicitly retained. W e have shown that these lasers display amplitude squeezing. The 
squeezing has a strong dependence on the pump rate and coherence properties, the 
spontaneous em ission rates and the number of atomic levels in the system.
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CHAPTER 3.
A STATISTICAL MODEL
In order to better understand the physics of the amplitude squeezing demonstrated in 
Chapter 2 we now present a classical statistical model. The advantage of the statistical 
model is its simplicity. The physical mechanism of the effect is clear and complex pump 
cycle schemes can be more easily assessed for squeezing. In this thesis "pump cycle" 
refers to the sequence of transitions involved in moving an electron from the lower 
lasing level to the upper lasing level, whilst "pump" refers to the actual energy 
absorbing upward transition. This model was first proposed by Ritsch et al. [Ref.3.1] 
and was developed by ourselves [Ref.3.2,3.3,3.4].
The limitations of the statistical model are that it is only valid; (i) far above threshold, (ii) 
when the lasing transition is rapid compared to other pump cycle rates and (iii) with 
negligible spontaneous emission across the lasing levels. We will refer to condition-(ii) 
as "strong coupling" as it is satisfied when the atom-field interaction is strong (see 
Appendix 2). These conditions are not unusual for lasers. Although the model has no 
frequency dependence the squeezing spectrum far above threshold is determined only by 
the cavity [Ref.3.5]. Hence squeezing spectra can be inferred from the statistical model 
(see Chapter 5.4).
Most of the material in this chapter has been published in Ref.3.2 and Ref.3.3.
3.1 The 3-level Laser.
In this section we present a statistical treatment of the 3-level laser of Fig.2.1(a).
3.1.1 The 3-level laser without losses.
We look first at the case in which all internal atomic losses are negligible, that is we 
assume every pump excitation gives rise to a photon. Well above threshold and with the 
lasing transition very rapid the mean number of photons, n, that arrive at the output in a 
time T is given by
n = NT/t .  (3.1)
Here i is the mean time it takes for an electron to be moved from the lower lasing level 
to the upper lasing level by the pump cycle. So the standard deviations in n and i are
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related by
(3.2)
where we have assumed as before that the number of atoms does not fluctuate and that 
the deviations from the mean values are small [Ref.3.6]. The standard deviation in the 
mean of n arrival times, A/, is related to the standard deviation of one arrival time, Ar, 
by
A/ = —r-  (3.3)
yjn
provided T is long compared to the cavity lifetime, so that all laser photons may be 
assumed to have escaped from the cavity, and n is sufficiently large. Thus we have the 
following expression relating the photon count variance divided by the mean photon 
count to the internal dynamics of the lasing atoms
/ (3.4)
/ i s  the Fano factor. If/=  1, the light has Poissonian statistics. If/<1, the light has sub- 
Poissonian statistics. If the squeezing is not too large then the Fano factor is equivalent 
to the zero frequency minimum (or maximum) of the amplitude squeezing spectrum 
(V(co = 0 ) )  (see Chapter 5.5). Hence amplitude squeezing is characterized b y /< l.
The cavity photon number, n = N/(2k /), is obtained by setting T = l/(2/c)=the cavity 
lifetime in Eq.3.1. Comparing this with the semi-classical result for the 3-level laser 
(Eq.A2.4) we fmd
i -  +  —
r  723
(3.5)
This is the sum of the mean transition times of the two incoherent transitions in the 
pump cycle. The factor of two is always associated with transitions out of the lower 
lasing level. Under strong coupling conditions populations in the upper and lower lasing 
levels are approximately equal. The electrons oscillate between the upper and lower 
lasing levels and are only available to be pumped half the time. The pump and the decay 
are independent Poisson processes hence the variance of t, the total pump cycle time, 
is the sum of the individual variances for each transition
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(f ) M - ]vry v/23;
2
Substituting Eqs.3.5 and 3.6 into Eq.3.4 gives the Fano factor
(3.6)
/3
'  i n2
y n )
723
(3.7)
This expression is always less than one, but only significantly so when the rates are of 
similar magnitude, fo  has a minimum of 0.5 when T = 2/23- We will refer to this 
condition as the rates being "matched". This corresponds to 50% maximum squeezing. 
Previous treatments of laser photon statistics have assumed that T «  723 • This leads to 
the usual prediction of Poissonian statistics.
A graph of fo  verses pump rate agrees to within a few percent with the graph obtained 
from the full model (Fig.2.3) under the appropriate conditions. Hence we see that the 
reduction in optical noise in the output is due to the reduction in percentage noise of the 
pump cycle. The noise in the pump cycle is reduced because a sequence of independent 
incoherent transitions of a similar rate have less percentage noise than a single 
incoherent transition.
3.1.2 The 3-level laser with losses.
When analysing more complicated pump cycles the dynamics of the upper lasing level 
must be solved for explicitly by solving the linear differential equations associated with 
the relevant pump cycle. For example we can include loss from the upper pump level, 
713, in ^ e  3-level pump cycle by solving the following set of differential equations 
obtained directly from the master equation for the 3-level laser (Eq.2.2);
< h c = r i3 ff3 c - r<Tlc • <^ 3c = (_ 723_ 7l3><73c + r<Tlc • (3.8)
°2c = 723 ff3c •
where C[c is the population expectation value for the ith level of the atom. The electron 
is started in level one at t=0 from where it is pumped to level three. The electron may 
then decay to level two at rate 723 or be returned to level one at rate 713. The
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probability of the electron being in level two asymptotes to one. The mean arrival time 
and arrival time variance of the pump cycle can be calculated from
oo oo
t =  \ t — <J2cdt, At2 = \ t 2 - j - 0 2 c d(3.9)
o dt o dl
Hence we obtain the following Fano factor
/3
( 2 ) 2
f 1 1
2 (
-  + +
l r ; U 2 3 J V
4 ri3 , 8ri3 ,
r /2 3 2 r 2 r 23
l+JL+Im
r  723 r 723 y
4 7l32 '
r 2 y232 , (3.10)
The matching condition is now T = 2(713+ 723) giving a squeezing maximum-of 
/3  = 2 713+ /2 3 /2 (7 l3  + 723)- Losses increase the pump power at which matching 
occurs and decreases the maximum squeezing produced. Once again there is good 
agreement between Eq.3.10 and the full model. Losses in real systems will be discussed 
in section 5.2.
3.2 The 4-level laser
In this section we present a statistical treatment of the 4-level laser of Fig.2.1(b).
3.2.1 The 4-level laser with an Incoherent Pump.
The derivation of the Fano factor for the 4-level laser proceeds similarly to the 3-level 
case giving the result
—  + --------+
l r  723 712J
(3.11)
/4  has a minimum value of 0.33 when 2T = 2734 = 712* This correspond to 67% 
maximum squeezing. The increase in squeezing is a general feature of increasing the
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number of matched rates. The general expression for an (r+l)-level atom is
frjvnf*(vn)2* (Vivf om
(2/71 + 1/72 + 1h r )
where the / /  's are the various transition rates (including the pump) in the pump cycle, 
and y\  is the transition rate out of the lower lasing level. A minimum variance of
f r = \ / r  occurs for the matched condition 0.5yi = 72 =.....= Yr- This result was first
obtained by Ritsch et al. [Ref.3.1].
As with the 3-level laser we can obtain the following solution for the incoherent 4-level 
laser with losses from the upper pump level;
/4
2 *
U l2
1
U 3 4 j
2/14 , 2/14 j
r/342 r 2y34 r 27342
1 2  1 Yu
— + -------+ --------+  - U J L
n 2
r  712 734 r 734
(3.13)
T he m a t c h i n g  c o n d i t i o n s  are T = 734 + 7^4 a n d
712 = 2734(714+734)/(/34 + 2714). Maximum squeezing when matched is 
/4  = (2714 + 734)/(47i4 + 3734). Notice that matching still produces 50% squeezing 
when losses are large (714 »  734).
3.2.2 The 4-level laser with Pump Noise.
To this point we have assumed that the pumping process is quantum-noise limited (a 
Poisson process). Typically this will not be true. We now assume the variance of the
pump is given by (jc/T) when its mean transition time is given by 1/T . If jc=1 the 
pump is quantum-noise limited. If jc<1 the pump is regular, corresponding to having a 
squeezed pump mode in the full model (section 2.1.3). By making jc>1 we can model 
the effect of pump noise on the squeezing, corresponding to the inclusion of thermal 
noise in the full model. The Fano factor of the light from the 4-level laser is then given 
by
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U
x x2
1/12 734 )
r \ 2 1 ^ 
—  + -----------4- ------------
r  712 734y
(3.14)
9 Ji Vi 9
The matching condition for Eq.3.14 is T = x 734 = — ancj the bes4 Fcvoo 
x 2
r ixc+c r  i s --------. Hence a squeezed pump decreases the pump rate at which the
l + 2xZ
maximum squeezing occurs and increases the squeezing produced whilst the inclusion 
of pump noise increases the pump rate at which maximum squeezing occurs and 
decreases the squeezing produced. In the limit of large squeezing of the pump the output 
statistics tend to those of the pump at matching. In the limit of large pump noise the 
output still shows 50% squeezing when matched. At large pump powers the e f(V >  
o 4' vxSvv btcemeoeyj 1 lo 'e..There is good qualitative agreement between Eq.3.14
and Fig.2.4.
3.2.3 The 4-level Laser with Coherent Pump.
The coherently pumped 4-level laser may be treated by solving the following system of 
linear differential equations for the pump cycle of the 4-level laser obtained directly from 
the master equation (Eq.2.5);
ri'2c = - ° - 57l2cr2c . <7lc = 2£:c714c + 0*57l2cr2 o
&4c = ~2Ecrl4c ~ 734^4c » <*3c = 734°’4c> (3-15)
v \4 c  = (C74 c  -  (J i C)E -  0.5(734 + 27p )a i4 c ,
where <J\4C is the expectation value of the coherence between the coherently pumped 
levels. We consider two limits;
(i) If the decay of the coherence (734 + 2 is rapid compared to the other time scales
in the problem then it may be adiabatically eliminated, i.e. we set <J\4C = 0 and solve 
to find
° l4 c
2 £ ((74-  04) 
734 + 27p
(3.16)
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Substituting into the other equations we find the situation is now identical to that of a 4- 
level laser with a bi-directional incoherent pump of rate
r e 734 + 2  7p (3.17)
Hence the Fano factor is given by Eq.3.13 with the substitution T =  7i 4 = T£. 
Additional squeezing due to the coherent pump is not observed.
(ii) In the second limit we assume there is minimal damping of the coherence i.e.; 
Yp = 0. The solution is then
~ri2 t~734 t~(734+Q)f ~(734~Q )f
OT,c{t) = \ + Ae 2 - B e  2 +C e 2 - D e  2 (3.18)
where
£  712734
712 j 4 _   ^712 j 31734 +  ^712 Y 2 , ^342 \4 £  + - £  712 734
B £  712734
=_____________ £2 712 734______________
2 ß 4 -  ß 3(2734 -  712) + ^ ß 2(7342 " 7122)
_______________ g 2 712 734_______________
-2Q 4 + £23(2y34 -  y12) -  ^ ß 2(7342 ~ 712 734)
and
Q
2 2
, Cl ^  0 , is the Rabi frequency. In Fig.3.1 we have plotted
Eq.3.18 as a function of time for three different values of 734. The graphs have been 
scaled such that the mean transition time is the same in each case. When 734 is slow 
(Fig.3.1(a)) the transition rate oscillates. When 734 is fast (Fig.3.1(b)) the oscillations 
are over damped and the graph has the exponential shape of an incoherent transition. 
However if 734 is matched (Fig.3.1(c)) such that it is half the Rabi frequency, an 
optimum shape is obtained with a small variance. This leads to the superior squeezing 
from the coherently pumped laser.
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Fig.3.1: Time dependence of probability to be in the upper lasing level (P) for 
statistical model of coherently pumped 4-level laser (Eq.3.19). Plots are for (a) slow 
decay from upper pump level, (b) rapid decay from upper pump level and (c) 
matched decay from upper pump level. Mean pump cycle time in each case is 
approx. 2.5 s. Parameters are; (a) E = 1, 712= 5.66, 734 = 0.5; (b)
E = 5.12, 7i2 = 29.0, 734 = 256 and (c) E =.571, 712 = 3.23, 734 = 1.62.
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Proceeding as in Section 3.1.2 we obtain the following expression for the Fano factor 
of the coherently pumped 4-level laser,
fc
8 A 8 B
— ~  ? +
^12 734^ (734 + Q f  (734 “ « y
2A 2 B 
+
712 734 (734 + ^ )  (734 - Q )
2A 2 B 
+
712 734 (734 + ^ )  (734 ~ ß )
(3.19)
The maximum squeezing of 80% occurs when V8E = 734 = i  7^2- Once again there is
very good agreement between the full model (Fig.2.3) and the statistical model 
(Eq.3.19). In Chapter 4 we will again see the effect of strong damping of the pump 
coherence in the context of a rate equation approach. In Chapter 5 we will use the full 
model to investigate the effect of intermediate values of Yp-
3.3 Summary and Conclusions.
In this chapter we have shown that the squeezing can be understood in terms of the 
statistical properties of the pump cycle. We have used a simple statistical model to obtain 
analytical results for the output photon statistics of the 3-level laser, including losses, 
and the 4-level laser, including losses, pump noise and coherent pumping. We find 
excellent agreement between the predictions of the statistical model and those of the fully 
quantum mechanical model within the range of validity of the statistical model.
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CHAPTER 4.
A RATE EQUATION APPROACH.
In Chapter 2 a linearized Fokker-Planck equation for the generalized P-representation 
was derived from the density operator master equation. The squeezing spectrum could 
then be calculated. As we saw in Chapter 3 the squeezing mechanism follows from the 
statistical properties of the sequence of transitions in the pump cycle. Hart and Kennedy 
have shown that a linearized diagonal number state treatment predicts the laser squeezing 
[Ref.4.1]. This suggests that a rate equation treatment will also predict it. The advantage 
of the rate equation approach is its simplicity, both conceptual and technical. In this 
chapter we obtain rate equations for the joint atomic level and photon number 
probabilities. Non-diagonal matrix elements are eliminated by assuming they are 
strongly damped. We present numerical results for both coherently and incoherently 
pumped 4-level lasers. The results are consistent with those of Chapter 2.
The material in this chapter has been accepted for publication [Ref.4.2].
4.1. Derivation of Rate Equations.
The 4-level system we have analysed is the same as that of Fig.2.1(b). Rate equations 
may be derived for the incoherent case (E=0) via phenomenological arguments such as 
those presented by Loudon [Ref.4.3]. More rigorously they may be derived directly
from the master equation for the density operator, p, by finding its diagonal elements 
in the Fock state representation. We use the same master equation as in Chapter 2. For 
the incoherent case
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d (P -  X (  g[(ai<J23ß aa23
P=1
r
+ ~ (2cr14^ Pc \\fi ~ g\4h a 14n P ~ P °  14// a 14^^
Vi 9 _ 4. _L I
+~ ( 2<y\ 2 ß p a \ 2 ß ~ a \2p a \ 2 ß P ~ p a \2ß a \2 ß )
y j'i _ 1 1 _ 1
+~ ('2a23ß Pa 23ß ~ a 23ß a 23ß p ~ p a 22ß a 23p}
+ ^ Y (2rJ34ß p a 34ß ~ a 34ß a 34ß p ~p a 34ß a 34ß}
+K(2ap -  a * a p  - p o 'a )} (4 j \
As before k is the cavity damping rate, T is the incoherent pump rate and yy  is the
+
spontaneous decay rate between the i th and j th levels. a,aJ are the single mode 
lowering and raising operators and g is the electric-dipole coupling constant describing
the interaction between the N atoms and the field. < 7 ^ , < 7 ^  are the atomic lowering
and raising operators for transitions between the i th and j th levels of the p. th atom. We 
have set y \ 4 = Yp\ = 7^2 = 0. Taking diagonal matrix elements for each atomic state 
we obtain the following system of differential equations
P\ = -(« 2  if + NDP n‘ + (n +1)2 if Pn‘+1 + Ny \2
P2 = ~(n2K + Wri2)/>2 + („ + 1)2If Pn+\ + *723 ^  + P3.f>n + P2,3 j
= -(«2 if + /V/23)^3 + (« +1)2 * l£ +1 + NY34 P*
-  (n + 1)V  Pn3;2+1 -  (« + 1 ) V  ^  (4.2)
P* = -(«2 if + Wy34)Z“„4 + (n + 1)2 if Pn4+1 + N H 1*
P‘ = (n,iIp ln,i>, P^’Jn+i *  (n.i Ip In + U ) -
l/i, j) is the ket representing the system in the the nth Fock state and the /th atomic state.
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• 3 2We can-also obtain an expression for n r^om master equation
Pn \ n  = 4 ^ 2 3  + 712> £?M  +
+ 2 X -  n \n  + l ) * / £ £ + 1  - 2 i c ( / i - 2; in-l,n (4.3)
The first term in Eq.4.3 is a damping term. The final two terms can lead to oscillatory 
behaviour in the lasing level populations. If the decay rate out of the lower lasing level, 
712» is sufficiently large the damping term will dominate and the final two terms in the 
equation can be neglected. If collisional or lattice induced dephasing effects are included 
in the master equation an additional damping term appears in Eq.4.3. This increases the 
range of conditions for which we can neglect the final two terms. To make this 
approximation we also require strong coupling between the field and the atoms such that 
the inversion term (the third term in Eq.4.3) is also large compared to the final 3wo 
terms. In the steady state the non-diagonal elements can now be eliminated from 
Eqs.4.2. The resulting equations are
0 
0 
0 = 
0 =
~(h2 k + N  r ) / £  +  (« + 1)2* PX+l + Nyn  P 2 (4.4a)
-(n lK  + N yn+ (« + 1)2* P 2+1 + nG P 3_ t -  nG P 2 + Wy23 P 3 (4.4b)
<k2k + Ny23)P% + (« +  1)2if P 3+1 + N /34  p„ + (« + D C P 2+1 - (« + 1)G P 3
-(« 2 if + NyyfrP*  + (« +1)2if P4+1
(4.4c)
(4.4d)
The coefficient G can be related to the scaled coupling constant of Chapter 2, 
g = gN%, by
4I2
(m + r23)
We have solved Eq.4.4 numerically in the steady state and obtained the total photon 
distribution Pn = P^ + + P*. The mean photon number, n, and the Fano factor
of the photon number, /  = j n , can then be calculated in the usual way.
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4.2  ^ Photon Distribution for the Incoherent Case.
We examine two simplified cases. First we consider the usual case [Ref.4.3, 4.4] in 
which the pump rate out of the ground state is much slower than the transition rates out 
of the other levels (T «  y\2»734)- As only the ground level is significantly populated 
energy conservation requires that 2nK = NT. Hence close to the peak in the photon 
number distribution NT » 2 nK «  N y ^ N y \2 -  We further assume we are well above 
threshold and the atom/field coupling is strong (G »  k ). Putting these conditions 
together we find the cavity loss terms in Eqs.4b,c,d are much smaller than the atomic 
transition terms and may be dropped. Taking 723 Ä 0 Eqs.4b,c,d then have the simple
solution = r / / 12 Pft_i and hence Eq.4a reduces to the following second order 
difference relation
0 = -{nlK  + N T)Pn + (n +1)2* P ^  + NT Pn_ { (4.5)
where we have used the fact that almost all the population is in the ground state to set 
Pn **P^. From Eq.4.5 we see that the photon distribution is determined solely by the 
pump and the cavity decay rates. Eq.4.5 has the solution
Pn n!
(4.6)
where /ft is given by the normalization condition
1^=1
n=0
This distribution has a mean value of NT/(2 k ) as expected and Fano factor /  = 1, i.e. 
Poissonian photon statistics are predicted far above threshold
Next we consider the case where the pump rate is of the same order as the atomic decay 
rate out of the upper lasing level, i.e. T * 734 «  712* Significant population now also 
appears in the upper pump level. Hence the cavity decay terms can only be dropped 
from Eq.4.4b,c. Solving these for P* and substituting into Eq.4.4a we obtain
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0 = ~(n2 k + N r )p [  + (n + 1)2 K ^ +1 + Wy34 />4_j 
0 = ~(ii2k + Ny34)P* + (n + 1)2k 7>4+1 + NT p\  . (4.7)
Eqs.4.7 are equivalent to the following third order difference relations for P^  and 7*4
(n + l)(n + 3)x-4 i 
u —----------------------- r  ~ -  <
^734 +3
^ /l + l )*-2 rtxT
/i(n + 2)y2 t (;1 f 2) y  + ^  + l)(/t + 2)y2 .  (« + 1 )^
^734 ^734
+ fl+2
+ < + ----- + (rt + l)x* + AT
^734 734 k V r ^ n 1
(n + l)(n + 2)(CZ „4 
° - --------^ --------P«+2"
fl2 * 2 n*T44+ <{------- + ---- ^ ^ + /!** + ^734
n(/H-l)y2 } ^  | | ( n l)2 y 2 | (/i + l)xy34
' /i+l
^ - ^ 3 4 ^
(4.8)
Solutions of a form similar to Eq.4.6 can no longer be obtained. To proceed analytically 
one may examine the behaviour of the distributions very close to their peaks by 
comparison with continuous Gaussian functions. This procedure is similar to the 
linearization techniques adopted in previous papers. Alternatively the distributions can 
be generated numerically without further approximation. Doing this we find the 
distributions become narrower as probability is shared more evenly between the two 
levels. They are narrowest when the total populations in the two levels are equal, i.e. 
when the rates are matched (T = 734). Hence the Fano factor of the total photon
distribution (Pn * P^  + P*) also decreases as the rates become equal. The sharing of 
population between the two levels effectively turns the pump cycle into a two step 
sequence. As we saw in Chapter 3 such a sequence is "quieter" than a single step. When 
matched a minimum Fano factor of /  = 0.75 is found. Far above threshold the 
squeezing spectrum of the light emitted by the laser closely approximates a Lorentzian 
of the form [Ref.4.5].
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S(co) = 1 + 2 ( /  - 1)— — j
coz + (2icr
(4.9)
Thus maximum squeezing of 50% is predicted in the output beam when the rates are 
matched. In Fig.4.1 we compare the photon statistics obtained as the relative magnitude 
of the pump and the atomic decay rate are varied The mean photon number is 50 in each 
case. In Fig.4.1(a) the pump rate is much slower than the decay rate. Most of the 
population resides in level one and /  s i ,  i.e. a Poissonian distribution. In Fig.4.1(b) 
the pump rate is one seventh the atomic decay rate. Population is becoming shared 
between the levels and the distributions are becoming narrower. In this case /  = 0.89, 
i.e. sub-Poissonian. In Fig.4.1(c) the case of maximum noise reduction is shown.
If matching also occurs with the transition out of the lower lasing level 
(T = 734 = 712/2) full numerical solutions of Eqs.4.4 predict 66% squeezing in the 
output beam. These results agree with those obtained in Chapter 2 to within 0.2%. 
Significant differences are found between the rate equation results and those of the fully 
quantum mechanical approach if atom/field coupling is not strong (G ~ k) or photon 
numbers are small (/KlO).
These results confirm the supposition that the off-diagonal lasing terms do not effect the 
amount of squeezing in the strong coupling regime. However elimination of the off- 
diagonal atomic terms associated with a coherent pump has a dramatic effect as we shall 
see next.
4.3 Photon Distribution for the Coherent Case.
The master equation for the coherently pumped laser (as in Chapter 2) is similar to 
Eq.4.1 but without incoherent pumping (T = 0) and with an additional term describing 
the driving of the l->4 transition of the N atoms by a resonant classical field E
(4.10)
The derivation of rate equations from the master equation proceeds similarly to the 
incoherent case. The off-diagonal terms associated with the lasing levels are eliminated
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Fig.4.1: Probability distributions as a function o f photon number, n, fo r  the 
incoherently pumped 4 -level laser. Three sets of parameters are considered labeled 
(a), (b) and (c). Each set shows three probability distributions, from left to right;
Pn, the total photon number probability; p j, the probability to have n photons and
be in the lower pump level 1; P^, the probability to have n photons and be in the 
upper pump level 4. In (a) T = 0.503, 734 = 100 and / = 0.99. In (b) 
T = 0.572, 734 = 4 and/  = 0.89. In (c) T = 1, 734 = 1 and/  = 0.75. For all graphs
the other parameters are; k = 0.05, 712 = 10000, 723 = 1 x 10~^, g = 400, N = 10 
and the mean photon number is 50. Note that Pn becomes narrower as P  ^ and P^ 
become more similar.
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as in the previous case. The resulting dynamic equations are
Pl = -n 2 K P [n + rx2 Npl  + (n+ 1)2 ic Ph+l +ENP
= ~(ri2 N + nlK)P* +(n+ l)2xr Pn + l  +  n G P n
= “ (723 N + n2K)pl +(n +1)2 k/>3+1 + (« + l)G/^+1 - (n + l)G/>3 + y34 MP4
= -(n lK  + y34 ZV)/>4 + (« + 1)2 if P4+1 -  ENp\ A
P ^4 = -(n2K + ^ -  N)P^A + (n + m ic  Pjt’4l ~2ENPjl + 2ENP4 (4.11)
The last equation, for the pump coherence P „ ,  may be eliminated in the same way as 
that of the off-diagonal lasing terms. Such a procedure assumes conditions are such that 
coherent effects are not significant. The photon statistics are then found to be similar to 
those of the incoherently pumped system.
Alternatively all five equations may be solved numerically in the steady state. Coherent 
effects such as Rabi oscillations are then possible. The photon statistics now show 
greater squeezing in agreement with the results of Chapter 2. In Fig.4.2 the total photon 
number distribution and those of the pump levels are shown for the coherently pumped 
laser. The parameters have been chosen such that the mean photon number is 50 and 
effective pump to atomic decay ratios are similar to those of Fig.4.1. As for the 
incoherently pumped case the distribution is Poissonian at low pump rates with almost 
all the population in level 1 (Fig4.2(a)). As the pump rate increases the population 
begins to be shared between the pump levels and the distributions narrow. In Fig.4.2(b) 
the Fano factor has dropped to/=0.835. The maximum effect occurs when the effective
pump rate, Tcoh = 8£^//34 , is equal (matched) to 734 (Fig.4.2(c)). The distributions 
are significantly narrower than in the incoherent case. The Fano factor, /  = 0.625, 
corresponds to a maximum squeezing of 75% in the output. Unlike the incoherent case 
maximum squeezing is not characterized by equal populations in the upper and lower 
pump levels.
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Fig.4.2: Probability distributions as a function o f photon number, n, for the 
coherently pumped 4-level laser. Three sets o f parameters are considered labeled 
(a), (b) and (c). Each set shows the three probability distributions described in the 
caption to f ig(2) .  In (a) E = 7.09, 734 = 400 and/ = 1.0. In (b) 
E = 1.07, 734 = 8 and/  = 0.84. In (c) E = 0.707, 734 = 2 and/  = 0.625. Other 
parameters and mean photon number as for fig(2).
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4.4 Summary.
In summary we have shown that conventionally pumped laser squeezing can be studied 
in the diagonal photon number representation. The advantage of this approach is its 
simplicity compared to the generalized P-representation and the ability to avoid 
linearization techniques. We have also shown that the coherently pumped case may be 
successfully treated by this method though non-diagonal atomic matrix elements 
associated with the pump levels must be included if increased squeezing is to be 
observed.
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CHAPTER 5.
CONDITIONS FOR SQUEEZING.
In this chapter we explore the various solutions we have obtained in previous Chapters 
identifying the conditions under which laser squeezing is optimized. To illustrate the 
points made we will discuss the relationship between our models and real laser systems.
Most of the material in sections 5.1 and 5.2 has been published Ref.5.1.
5.1. Rate matching.
The statistical model reveals that the matching of atomic transition rates is the 
fundamental mechanism behind the squeezing. It does not rely on the transitions being 
of a particular type (e.g. radiative, phonon, etc) or in a particular order. In this section 
we will estimate the pump intensities required for matching in some real laser systems. 
We will also investigate the advantages of coherent pumping.
5.1.1 Incoherent Pumping.
Incoherent pumping mechanisms such as electrical discharge or thermal light have the 
disadvantage of being broad band. Hence transitions occur to many levels. To produce 
transitions between specific levels a laser source of the correct wavelength is used to 
optically pump the atoms. This will result in coherent pumping if the coherence between 
the pump levels is weakly damped. However, as we saw in sections 3.2.3 and 4.3, if 
the coherence is strongly damped the coherent pump is equivalent to a bi-directional 
incoherent pump. Furthermore if the upper pump level is short lived the downward 
transition may be neglected and the process can be accurately modeled as a 
unidirectional incoherent pump. In solid state lasers Yp\ and Yp2 are typically very 
large, i.e. there is strong lattice induced damping of the pump and laser coherences. 
Hence laser pumping can be modelled as an incoherent process in many solid state 
lasers.
We will now examine two common solid state lasers and calculate the pump intensities 
required to produce matching in them. Erbium in a silicate host can be operated as a 3-
level laser. Lasing occurs between the statc anc* ^ 1 5 /2  ground state.
Pumping at 980nm populates ^I\ \/2 which feeds the upper lasing level through multi-
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phonon decay at a rate of about 1.5 x 105j_ 1. In the 3-level laser a pump rate of twice 
the decay rate is needed for matching. The pump rate can be related to the pump 
intensity, /, by
where hVp is the energy of the pump transition and Gp is the pump absorption cross
section. Taking o p ~ 2 x 10_21cm2 [Ref.5.2] we find I * 2 x 107 W cm~^. In fiber 
lasers where the core radius is typically a few microns this intensity could be achieved 
with about 10 Watts of input power.
A more common laser source, Nd:YAG, can be considered a 4-level system. Decay 
from the upper pump level to the upper laser level is very rapid. The lasing transition is 
4 4/3 /2 “ » h  1/2 and the lower lasing level decay rate to the ground state is about
7 i -tuo-s+ep
1 x 10 s [Ref.5.3]. In the 4-level laserymatching occurs when the pump rate is half 
the slou)^  decay rate. Pumping at 514.5nm and taking Op~ 5x  10- 2 *cm2 we find 
/  = 6 x l 0 8 Wcm~2 .
Such high pump intensities can be difficult to obtain and are damaging to the laser 
medium and cavity mirrors. Observation of the photon statistics is also a problem if 
pump powers are too high (see section 5.5.5). The most significant factors in 
determining the required pump intensity are the atomic decay rates. Hence our first 
criterion for a practical "squeezed laser" is to choose a material with at least one slow 
atomic decay rate. Fortunately the decay rates may be altered through the choice of host 
material. For example in hosts such as Tellurite, Germanate or ZBLAN glasses the non-
radiative rates of Erbium are significantly slower [Ref.5.4]. Matching occurs at
6 —2 6 —2 approximately /  « 3 x 10 Wem in Germanate, / » l x  10 Wem in Tellurite and
A O
/  « 3 x 104 W cm~L in ZBLAN. However losses are greater in these materials (see 
section 5.2.2).
Another way to avoid high pump powers could be the use of two or more pumps. 
Matching could then be achieved between the pump rates at any pump power, 
independently of the atomic decay rates. In fact in some materials successive upward 
transitions with approximately the same energy gap exist. Thus a single pump source 
can be used to produce multiple, matched upward transitions. Lasers using this effect 
are called "up conversion" lasers as their output frequency can be higher than their pump
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frequency. We will analyse a specific example of an up conversion laser in section 
5.5.3.
5.1.2 Coherent Pumping.
As we saw in section 3.2.3 coherent pumping significantly increases the squeezing but 
the improvement is dependent on how strongly the pump transition coherence is 
damped. As can be seen from condition (i) in section 3.2.3. the coherence established 
between the pump levels will be over damped if the decay out of the upper pump level is 
too rapid. Hence to see the extra squeezing from the coherent pump matching should 
occur with the transition out of the upper pump level. Similarly large collisional or lattice 
induced phase damping will degrade the effect. In Fig.5.1 we show the effect of 
increasing phase damping on the zero frequency squeezing of the coherently pumped 4- 
level laser. We see that the increased squeezing due to the coherence of the pump is 
rapidly lost as the phase damping rate becomes comparable with the decay rate out of the 
upper pump level. By the time the damping rate is ten times that of the upper pump level 
decay the squeezing is equivalent to that predicted for a bi-directional incoherent pump 
(Eq.3.13 with T = y \4 ) and is unchanged for bigger damping rates.
As we have noted previously solid-state lasers usually have high phase damping rates. 
The situation is changed if the active medium is cooled to cryogenic temperatures. 
Under such conditions the phase damping rates can be comparable to the atomic 
transition rates and increased squeezing from coherent pumping is predicted. Similarly 
lasers built around ion-traps can low phase damping rates.
Ritsch [Ref.5.5] has shown that two sequential coherent pumps in a 4-level system can 
produce up to 90% squeezing. However as for the single coherent pump case the 
conditions must be such that the coherences between the pump levels are only weakly 
damped.
5.2 Losses.
We now consider the effect of inefficiencies. In general any losses that occur between 
the absorption of energy by the atoms and the recording of the noise spectrum will 
reduce the observed squeezing. There will be photon losses through absorption and 
scattering between their atomic emission and final detection. Also there may be atomic
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Fig.5.1: The amplitude squeezing spectral variance, V = V(co = 0.001 x 712),
versus pump field amplitude for the 4-level laser with a classical coherent pump. 
The size o f the phase damping on the pump transition is: Yp2 =0; solid line,
Yp2=0 1; dotted line, Y p 2 =10>' dot-dashed line, Yp2~^-^ ; dashed line. 
Parameters in units o f Y\2 are: 723 = /34 = 123 = 1000,
k ' =  k = 1, Ypl = 100.
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decays within the pump cycle that return the atom to its ground state without emitting a 
laser photon. We will now examine the effect of each of these losses on the photon 
statistics.
5.2.1 Optical Losses.
Any attenuation of the output beam will reduce the squeezing. Also photo-detectors 
convert light to photo-current with less than unit efficiency so the squeezing observed 
will be less than that actually produced. The effect on the squeezing of these types of 
losses can be quantified by the following equation [Ref.5.6]
/0  = l + * 7 ( / - l )  (5.2)
where /  is the Fano factor that would have been observed if no losses existed and / q is 
the Fano factor actually observed r\ is the efficiency with which photons emitted by the 
lasing atoms are detected. If only a small fraction of the light is observed (7 ]«1) only 
shot noise will be observed (/o = l) regardless of the statistics of the original light
5.2.2 Losses in the Pump Cycle.
Losses in the pump cycle will reduce the regularity of the electron arrival times into the 
upper lasing level in turn reducing the squeezing. In the 3-Ievel laser such losses may be 
produced by decay from the upper pump level back to the ground level (713). Eq.3.10 
describes the effect on the output statistics. As y \ 3 is increased matching occurs at 
higher pump powers and produces less squeezing. In fact the maximum squeezing is 
reduced in the same way as for optical losses, Eq.5.2, where 77 is now the efficiency 
with which pump quanta are turned into laser photons. In the limit of very large losses 
we return to Poissonian statistics. In lasers with more than 3-levels the amount the 
squeezing is reduced depends on where in the pump cycle the losses occur. In the 4- 
level laser losses due to decay from the upper pump level to the ground state (714) 
(Eq.3.13) also reduce the squeezing and increase the pump power required for 
matching. However in the limit of large losses the squeezing is not reduced below 50%. 
This occurs because though the regularity of the pump/upper pump level decay 
combination is destroyed by the loss, matching can still occur between this combination 
and the lower lasing level decay.
Losses may also occur due to spontaneous decay across the lasing levels (712 in 3- 
level, 723 in 4-level). This can strongly degrade the squeezing. However these 
losses are usually small if we are far above threshold. We consider the 3-level laser
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close to threshold but still satisfying the strong coupling requirement (see Appendix 2). 
In Fig.5.3 we plot the quantum mechanical model's zero frequency squeezing and the 
statistical model squeezing against pump rate when matching occurs close to threshold 
(threshold; T=0.5, matching; T=2). This corresponds to an atomic system with a slow 
decay rate in the pump cycle or a twin pump system matched close to threshold. In the 
absence of other losses threshold in the strongly coupled 3-level model is determined by 
the decay rate across the lasing levels y\2- So as we approach threshold losses due to 
spontaneous emission become significant. Such losses are neglected in the statistical 
model. Thus significant difference is seen between the two models close to threshold. 
Matching needs to occur more than ten times above threshold to see the levels of 
squeezing predicted by the statistical model.
Another source of loss in the pump cycle is excited state absorption (ESA). This occurs 
when pump quanta are absorbed by atoms already in an excited state, usually the upper 
lasing level. If these atoms rapidly return to the ground state without lasing they act like 
the losses already discussed. However if they "slowly" decay back to the upper lasing 
level they can be especially destructive to sub-Poissonian statistics. ESA can be 
minimized by choosing a narrow band pump with a frequency which is not resonant 
with any upward transitions from the upper lasing level or other significantly populated 
states. If matching has been achieved conservation of population demands there will be 
at least one other significantly populated state (see Fig.4.1). Hence picking a suitable 
pump frequency may be difficult.
5.2.3. Losses vs Matching Conditions.
When choosing materials a trade-off may be required between the desire for a slow 
pump cycle rate and the need to keep inefficiencies low. We return to the example of 
Erbium in a glass host. It can be modeled by the 3-level laser of Fig. 1(a). In this 
material the decay feeding the upper level, 723» a multi-phonon decay whilst the 
losses 7i2 ^  713 m  radiative decays. Changing the host changes the phonon 
energies, and hence the non-radiative rates, but hardly effects the radiative rates 
[Ref.5.4]. A balance must be struck between having 723 slow enough to allow 
matching with the pump but still rapid compared with 712 and 713- In Fig.5.3 we use 
the full 3-level model to plot pump rate above threshold (T/y 12) versus the zero 
frequency squeezing for Erbium in a number of different hosts. Matching occurs close 
to threshold in ZBLAN. A combination of spontaneous emission noise and loss means 
little squeezing is predicted. Tellurite and Germanate glasses show more squeezing at 
lower pump rates than Silicate. Ideally we would like a host glass with phonon energies 
midway between ZBLAN and Tellurite. The decay rates are estimates based on Ref.5.4.
N
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Fig.5.2: Comparison o f quantum mechanical model and statistical model for 3 -level 
la s e r  n ear th re sh o ld . P a ra m eters  in un its o f  723  a r e > 
= 100, k ' = k = 0.1, 7 i2  = 0.5, 713 = 0 • Threshold is at 0.5 and matching occurs at
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Fig.5.3: Theoretical amplitude squeezing spectral variance, V = v {cq = 10 ^723)’
versus pump rate above threshold for Erbium in ZBLAN (solid line), Tellurite (dot- 
dash line), Germanate (dot line) and Silicate (dash line) glass hosts. The maximum 
squeezing for Silicate glass is 50% and occurs at 3000 times above threshold. 
Parameters are; 713 = 1,712 = 1 and 723 = 2-25(ZBLAN), 723 = 75 (Tellurite), 
723 = 225 (Germanate), 723 = 1500 (Silicate) in units of  712- 
#12 = 1000 and k ' = k  = 10 in units of 723. Rates are estimated from Ref 5.4.
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The advantages of twin pump systems are also limited by losses. A candidate material 
must possess two metastable states. One as an intermediate pump level, to ensure 
efficient pumping, and the other as an upper lasing level, to ensure efficient laser action. 
Fortunately relatively efficient up conversion systems now exist (see 5.5.3).
5.3 Spatial Effects.
So far we have assumed that the lasing mode intensity and the pump intensity are 
uniform throughout the active medium. These assumptions will not in general be true. 
In this section we examine the effect of relaxing these assumptions.
5.3.1 Spatially Non-uniform Pump.
As the squeezing is strongly dependent on pump rate, variations in pump intensity may 
be expected to affect the squeezing. Savage and Ralph [Ref.5.7] have included spatial 
variation of the pump by dividing the active medium into a number of groups of atoms. 
Each group occupies a volume of space over which the pump rate can be regarded as 
constant, but different groups experience different rates. The master equation for the 
laser then includes the sum of the contributions from the various atomic groups. The 
master equation is solved numerically. The results can be understood via a statistical 
argument [Ref.5.7]. As each group of atoms radiates independently the total Fano factor 
of the light is the sum of the Fano factors of each atomic group weighted by the fraction 
of photons contributed by the group, i.e.;
where f j  is the Fano factor of the yth atomic group and —  is the fraction of photons
contributed by that group. There are M groups. This result is justified by comparison 
with the numerical results. In the continuous limit Eq.5.3 becomes
(5.3)
(5.4)
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where now /(r) is the Fano factor of the atoms in the volume element dV at position r
n
density. The results indicate that spatial variations do not greatly alter the squeezing 
from that predicted for the uniform case.
Savage and Ralph consider the case of a pump mode with a transverse Gaussian profile. 
When the central region of the pump mode is matched the wings of the mode may still 
be well below matching. However the number of photons contributed by the wings is 
also significantly lower. Hence the reduction in squeezing is not as much as may first be 
expected. A Gaussian profile pump mode with a waist radius equal to that of the 
medium will have a pump intensity at the edge of the medium approximately a tenth of 
that in the centre. Nevertheless the maximum squeezing is only reduced by about 5% 
[Ref.5.7].
Another source of spatial variation is attenuation of the pump as it transits the active 
medium. We can estimate the magnitude of this effect using Eq.5.4 and the statistical 
theory. We assume that the pump is attenuated linearly with length / such that
where Tq is the pump rate at the beginning of the active medium and Lq is the length of 
medium required to totally absorb the pump. Assuming strongly coupled conditions and 
using Eqs.A2.4 and 3.6 we obtain the following expression for the Fano factor of the 
3-level laser
r(/) = r0(i-—)
U)
(5.5)
(5.6)
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where lm is the length of the medium (lm < Lq ). As in the case of a Gaussian profile 
we find the attenuation has a small effect on the squeezing. If Tq is the matched rate and
the output intensity is a third of the input intensity (lm = — Lo) the Fano factor increases
from 0.50 for the uniform case to 0.53. Even if the pump is almost entirely absorbed 
(lm = Lq ) the variance only increases to 0.56.
In this analysis we have treated attenuation simply as an intensity effect, i.e. each spatial 
group of atoms interacts with a pump reservoir which is undepleted by the interaction. 
In the section 5.4.1 we consider the effect on the squeezing if there is back action on the 
pump.
5.3.2 Spatially Non-uniform Lasing mode.
To this point we have assumed that the lasing mode is uniform throughout the medium, 
i.e. the dipole coupling strength between the field and the atoms is constant for all the 
atoms. This is not true in general. The mode may have a Gaussian transverse profile. In 
a standing wave cavity the mode will also have a longitudinal variation. In regions of 
small mode strength the atoms will be only weakly lasing. Such atoms will not radiate 
squeezed light due to spontaneous emission noise (section 5.2.2). However as in the 
case of pump variations the weakly lasing atoms will contribute very few photons. 
Hence the overall effect on the squeezing is expected to be small. If the average dipole 
coupling strength is strong then very few atoms will be weakly lasing, hence the effect 
can be neglected. Savage and Ralph [5.7] have shown that if the average value of the
coupling strength satisfies #23^ -  500/ p i  k in the 4-level laser then squeezing will be
degraded by less than 5% when a Gaussian transverse profile for the lasing mode is
1 9 —1 0 90 —2
included. Erbium in glass has Ypl** 1x10' s and £23 ~ 3x10  s for a
concentration of about 200 p.p.m. Hence we require k 6 x 10^ s For a 1.5 metre 
fibre this corresponds to a 98% output coupler which is not unreasonable.
5.4 Pump Depletion and Pump Noise.
Other assumptions to this point are that the pump is quantum noise limited and there is 
no back action on the pump. In this section we relax these assumptions.
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5.4.1 Pump Mode Depletion.
Our modelling of incoherent and classical coherent pumping assumes that the pump can 
be treated as a reservoir which is not depleted by its interaction with the active atoms. In 
other atomic systems depletion of the pump mode has been shown to limit the amount of 
squeezing that can be produced [Ref.5.8, 5.9]. In this section we use the 4-level model 
with a quantized pump mode to examine the effect of pump mode depletion on the 
squeezing. Fig.5.4 is a schematic representation of a possible experimental set-up. The 
advantage of such a system is that high pump intensities could be achieved via coherent 
enhancement of the pump. However this is at the cost of greater experimental 
complexity as the pump cavity would need to be actively locked to the atomic pump 
transition. In such a system the ratio of the output pump power (Pout) to the input pump 
power (Pin ) is given by [Ref.5.10]
Pout
Pin
1 ( R-^[R(  l - e ) ^2
r (  1 -V r (1-£)
(5.7)
where R is the intensity reflectivity of the input/output mirror and e is the single-pass
2 k L
intensity loss coefficient. In the good cavity limit (-------«  1, L is the cavity length and
c
c is the speed of light) this expression is approximately
Pout E i _ ^KbTab 
Pin ~ (Kb + Yab)
(5.8)
where Yab is the rate at which photons are absorbed by the active medium. From the 
semi-classical equations (Eq.2.29) we get
Yab
guhA
ß
(5.9)
Hence Eqs.5.8 and 5.9 give us the extent to which the pump mode is depleted for 
particular parameters and pump rate.
In Fig.5.5 we show the effect of pump mode depletion on the zero frequency 
squeezing. In Fig.5.5(a)(i) we plot zero frequency squeezing of the laser output and of 
the pump output versus E (pump field amplitude) for a weakly depleted pump mode. 
When the pump is matched to the lower lasing level decay rate the laser output shows 
the expected 50% squeezing. The pump remains virtually unaffected with its noise level
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Fig.5.4: Schematic diagram of experimental realization of 4-level laser with 
quantized pump mode. The pump cavity is resonant with the pump transition of the 
atoms. The ratio o f pump out to pump in (Pout^in) *s determined by the 
reflectivity o f the pump input mirror and the absorption of the active medium.
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Fig.5.5(a): (i); Amplitude squeezing spectral variance, V = V(co =.001 x 723)
versus pump field amplitude for the laser output and the residual pump output, (ii); 
Ratio of pump light out to pump light in versus pump field amplitude. Parameters in 
un its o f  723 a re >' 823 = 10000, Ka  = *7, = 1, 734 = 100, 723 = 0.0001,
Yp\ = Yp2 = 1000’ 714 = 0 and £14 = 5 -
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Fig.5.5(b): (i); Amplitude squeezing spectral variance, V = V[(o = 001 x 723 )
versus pump field  amplitude for the laser output and the residual pump output, (ii); 
Ratio o f pump light out to pump light in versus pump field  amplitude. Parameters in 
u n its  o f  723 a r e >‘ 823 = 10000, * a ~  Kb ~  1» 734 = 100, 723 = 0.0001, 
7 p \ = Yp2 = 1000, 714 = 0 and £14 = 3° .
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Fig.5.5(c): (i); Amplitude squeezing spectral variance, V = V(co =.001 x 723)
versus pump field amplitude for the laser output and the residual pump output, (ii); 
Ratio o f pump light out to pump light in versus pump field amplitude. Parameters in 
units o f  /23 a r e > 823 = 10000* Ka = Kb = 1» 734 = 100» 723 = 0>0001, 
Yp\ = 7p2 = 1000, 714 = 0 and £14 = 60.
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remaining close to the coherent level (V=l). Fig.5.6(a)(ii) shows the pump mode 
depletion {P0utl^in) versus E for the same parameters.
In Fig.5.5(b)(i) the absorption has been increased such that almost all the pump mode is 
absorbed at low pump rates. Matching now occurs at a lower pump intensity. Although 
about 68% of the pump mode is absorbed at matching 50% squeezing is still observed. 
The shape of the curve is now somewhat different from that predicted by the 4-level 
model with a classical coherent pump. Significant back action on the pump output light 
is now observed with excess noise appearing on the pump output at matching. 
Fig.5.5(b)(ii) shows the pump depletion (Pout I Pin) versus E for the same parameters.
In Fig.5.5(c)(i) pump mode depletion at matching is about 97%. The curve shape is 
now significantly different from that of the classically pumped model however 50% 
squeezing is still observed. A large amount of noise is present on the pump output at 
matching. Fig.5.5(c)(ii) shows the pump mode depletion (Poutl^in) versus E for the 
same parameters.
We conclude that for high levels of depletion of the pump mode the maximum squeezing 
levels predicted by the classically pumped model are preserved. This justifies our earlier 
treatment of pump attenuation as purely an intensity effect.
5.4.2 Pump Noise.
In the previous section we saw that depletion of the pump mode had little effect on the 
squeezing if the pump was quantum noise limited. On the other hand in this section we 
will show that even small amounts of pump depletion can destroy the squeezing if the 
pump light is very noisy. If pump depletion is negligible then the active medium only 
"sees" a small fraction of the pump light. Thus, in accordance with Eq.5.2, the pumping 
is effectively quantum noise limited. However as a greater proportion of pump light is 
absorbed so any noise on the pump starts coming through onto the laser output
In section 3.2.2 we modeled the effect of a noisy pump using the statistical model. In 
Fig.5.6 we graph Eq.3.14 for x = l, 1.5 and 2. As the pump becomes noisier the 
maximum squeezing is reduced and the pump power at which it occurs is increased. In 
Fig.5.7(a) we graph the zero frequency squeezing of the 4-level laser with quantized 
pump mode under similar matching conditions with increasing numbers of thermal 
photons (nth) in the pump mode. We observe the same qualitative behaviour. Good 
quantitative agreement can be achieved if we use Eqs.5.2 and 5.8 to make x a function
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Fig.5.6: The Fano factor versus pump rate for the statistical 4-level laser model 
with pump noise (Eq.3.14). The pump is quantum noise limited (x = l; solid line), 
noisy (x= 15; dotted line) and noisier (x -2 ; dashed line). 734 is taken to he very
large hence matching with the quantum noise limited pump occurs at r=0.5xy\2> 
giving 50% squeezing.
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FigJ.7: Amplitude squeezing spectral variance, V = V(co =.001 x 712) versus field 
intensity (proportional to pump rate) for 4-level laser with quantized pump mode 
with a coherent pump (nt^=0, solid line), a noisy pump (nt^ - l 2.5 , dotted line) and 
a noisier pump (nth=30, dashed line). Parameters in units of y \2 are; 
£23 = 10000, Ka = Kfr = 1, 734 = 100, 723 = 0 0001, yp \ = yp 2 = 1000, 714 = 0 and 
(a) £i4 = 5 or(b) £14 = 30.
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of pump depletion via
x2 (5.10)
where f  p is the Fano factor of the pump light (see section 2.1.3). In Fig.5.7(a) pump
depletion is around 5% (see Fig.55(a)(ii)). Using Eq.5.10, we have picked values of 
nth such that the effective values of the pump light variance are similar to those of 
Fig.5.6. Squeezing is degraded by the noise however around 30% squeezing can still be 
achieved with nth=12.5. In Fig.5.7(b) we illustrate the effect of increased pump 
depletion. Pump absorption is around 68% at matching (see Fig.5.£(b)(ii)). The same 
values of are used as in (a) but they result in far more noise on the laser output. 
Now only around 10% squeezing can be achieved with 12.5.
It is interesting to note that for all these examples the output tends to Poissonian in the 
limit of high pump powers even if the pump is very noisy. This occurs because once-the 
pump rate is faster than the slowest decay rate the statistics of the decay begin to 
dominate the statistics of the output. As the atomic decays are Poissonian so, at high 
enough pump powers, is the light Note that in the full model this effect is exaggerated 
by a drop in absorption due to saturation of the pump transition. This effect would be 
easier to observe than squeezing and could have applications in producing quantum 
noise limited lasers.
5.5 Cavity Effects and Detection.
So far we have mainly considered the squeezing close to zero frequency 
( /  = V(co = 0)). However in practice the lowest frequency at which observations can 
be made is restricted by the presence of classical noise and the capabilities of the 
detection system (see section 5.5.4). The quantum mechanical model predicts amplitude 
squeezing spectra. As long as the squeezing is not too large (<95%) the classical 
amplitude of the output acts as an in phase local oscillator for the quantum fluctuations 
and the amplitude squeezing spectrum is equivalent to the intensity fluctuation spectrum. 
This follows from a calculation of the intensity fluctuation spectrum using the
approximation a* = a g  + 55^, c*o real:
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= ^ a 02 + « o Ä T + <55* <5aT),(ao 2 + “ 0®  + <S5*&jj\
Sao2(skxM) (5 . n )
where we have used the subscript T to indicate quantities evaluated at time t+ r. The 
intensity spectrum may be observed experimentally by shining the laser light directly 
onto a photodetector. The photocurrent thus produced is transformed into a noise 
spectrum using a spectrum analyser. The quantum noise level can be determined either 
by comparison with a known quantum noise limited source (e.g. a white light source) or 
by balanced detection [Ref.5.11]. Hence the amplitude squeezing spectrum can be 
directly related to the spectrum analyser readout. In this section we will examine the 
frequency dependence of the squeezing under various conditions and discuss the results 
in the context of a real system. We will then discuss more practical problems with ihe 
detection of the squeezing.
5.5.1 Strong Coupling.
Well above threshold, under conditions of strong coupling (see Appendix 2), the 
intensity spectrum is related to the Fano factor of the output light,/, by [Ref.5.12]
V(a)) = l + ( / - l )  (25 )2 ,  (5.12)
(1k )2 + ü) 2
where co is the frequency of the analyzer’s internal oscillator. In this way the 
predictions of the statistical model and the rate equation approach can be transformed 
into noise spectra. The spectrum is a Lorentzian of linewidth 2 k* (cavity decay rate) 
with a minimum (or maximum) value at co=0 of /. The best squeezing will be
observed for co^ < (2jc)^. Hence the cavity decay rate must be fast enough such that 
squeezing is still present at high enough frequencies (see section 5.5.4). An example of 
a squeezing spectrum under conditions of strong coupling is shown in Fig.2.2.
5.5.2. The Resonant Relaxation Oscillation.
The simple relationship between the Fano factor and the squeezing spectrum (Eq.5.12) 
breaks down when the laser is operated too close to threshold and/or with insufficient
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atom/cavity coupling. In fact the statistical model is no longer valid under these 
conditions. As we saw in section 5.2.2 close to threshold spontaneous emission noise 
can be significant, degrading the squeezing. The resonant relaxation oscillation (RRO) 
will, in general, also be present near threshold.
The RRO is a resonance effect between the atoms and the cavity [Ref.5.13]. Small 
fluctuations in the field intensity are amplified, producing a large spike in the intensity 
spectrum which can mask any squeezing. When the lasing coherence is strongly 
damped the following general expression for the position of the RRO peak (cor ) is 
approximately true (see Appendix 3)
where n is the steady state, semi-classical photon number (Appendix 2) and g and yp 
are the scaled dipole coupling constant and lasing coherence damping rate respectively 
for the particular laser model being considered. At frequencies well below the RRO the 
light statistics are dominated by the dynamic properties of the emitter atoms. At 
frequencies well above the RRO the spectrum shows only the quantum noise associated 
with the cavity. Hence squeezing can only be seen at frequencies well below that of the 
RRO peak. Ultimately though no atomic effects can be seen well outside the cavity 
linewidth (2k). So if the resonance condition that gives rise to the RRO (Eq.5.13) 
occurs at a frequency well above the cavity linewidth then no RRO will be seen.
We illustrate this point in Fig.5.8 using the 4-level model with a quantized pump mode. 
A large amount of white thermal noise is placed on the pump. In Fig.5.8 (a) the RRO 
lies well inside the cavity linewidth. The excess pump noise appears in the output 
spectrum at low frequencies but tails off beyond the RRO. In Fig.5.8 (c) we have 
increased the pump rate (thus increasing n in Eq.5.13) such that the RRO now falls well 
outside the linewidth. Now the RRO is not seen. Instead, as expected, the spectrum is 
approximately a Lorentzian. In Fig.5.8 (b) an intermediate situation is shown.
5.5.3. Example Squeezing Spectra.
To illustrate the significance of the frequency effects we have been discussing we will 
model an up conversion laser similar to the Thulium doped fibre laser described by
S.G.Grubb et al. [Ref.5.14]. The relevant energy levels of Tm3+ and the pumping 
scheme of the laser are depicted in Fig.5.9 (a). We assume that the absorption cross-
(5.13)
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(a)
Fig^.8: Squeezing spectrum, V, versus frequency for 4-level laser with quantized 
pump mode with a noisy pump (nth=40). Parameters in units of y \ 2 are; 
823 = 10000, Ka = Kfo = 1, 734 = 100, /23 = 0.0001, y p 1 = Yp2 = 1000, 714 = 0, 
Il4  = 5 and E =.008 (a), E =.015(b), E =.03(c).
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sections of the various pump transitions are approximately the same. Hence the 
incoherent 4-level laser can be used to model this system by using the substitution 
7 1 2  = 734 = r  (Fig.5.9 (b)). In the absence of losses the statistical model predicts 
about 64% squeezing from such a laser. We will now examine under what conditions 
this prediction can be attained using the full model.
In Fig.5.10(a) we show the squeezing spectrum for the up conversion laser with a 
pump rate twice that of the threshold rate. The RRO peak, at about 400 kHz, is 
hundreds of thousands of times the quantum noise level completely obscuring any 
squeezing. Even at very low frequencies the noise level is well above that of quantum 
noise. The parameters have been chosen to be similar to those of the Thulium laser 
described in Ref.5.14. The cavity decay rate is given by
-0.5(/rt/?i/?2)c (5.14)
where R\ and /?2 m  mirror reflectivities c is the speed of light in the medium and L 
is the cavity length. The scaled dipole coupling strength (g) is related to the stimulated 
emission cross-section (cr5) via;
g2 cos 7P 4
(5.15)
where p is the density of lasing atoms in the active region and y is the transverse 
decay rate of the lasing coherence (in this case Y -  Yp\ as the phonon induced phase 
decay is very rapid for solid state lasers), g is estimated using data in Ref.5.15.
In Fig 5.10(b) we the show the squeezing spectra at low frequencies obtained as the 
pump rate is increased. Spectra for pump rates 5x, lOx, and 50x above threshold are 
shown. As the RRO moves to higher frequencies with the increasing pump rate so 
squeezing becomes visible at higher frequencies. It is reasonable to assume that other 
classical noise sources may make squeezing unobservable below about 20 kHz. We see 
then that under the experimental conditions described good squeezing is not predicted 
until we are about fifty times above threshold.
Substituting the value of n for the up-conversion laser (Eq.A2.9 with Y\ 2 = 734 = F) 
into Eq.5.13 we obtain the following expression for the position of the RRO peak
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FigJ.lO: Squeezing spectrum, V(co), versus frequency in kilo-Hertz for 4-level 
model of Thulium up-conversion laser. In (a) laser is 2x above threshold and in (b) 
laser is 5x  above threshold (dotted line), I Ox above threshold (dashed line) and 
50x above threshold (solid line).. Parameters in units o f  /23 are>'
123 = 2.7 x 107, k ' = k = 2.6 x 10*^ , y ^ \  = 1.2 x 10 ,^ = 0. Threshold is at = 1.
The value of /23 w 1060 s~^. Parameters are estimates from Refs-5.14 and 5.15.
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| (r-y23)g23^
i rPi
(5.16)
Taking the case of 2x threshold we find (Or = 420 kHz in good agreement with 
Fig.5 .10(a). From Eq.5.16 we see we can improve the situation for squeezing by 
increasing the scaled dipole coupling constant, thus pushing the RRO to higher 
frequencies at the same pump rates. Alternatively we can reduce the cavity decay rate 
such that the RRO no longer falls within the cavity linewidth. The disadvantage with 
decreasing the cavity linewidth is that it can becomes comparable with the frequency at 
which you wish to observe the squeezing. In Fig.5.11 we show the effect of increasing 
the scaled dipole coupling strength of the laser medium for pump powers 5x (Fig.5.11 
(a)) and lOx (Fig.5.11 (b)) above threshold. The frequency at which squeezing can be 
observed is significantly increased in both cases. However spontaneous emission noise 
still limits the squeezing this close to threshold (see 5.2.2). For a particular atomic 
system the scaled dipole coupling strength can be increased by increasing the density of 
active atoms. However the density of atoms is limited by the desire to avoid inter-atomic 
effects.
The overall efficiency with which the absorption of 3 pump photons leads to the 
detection of 1 laser photon was reported as about 30%. Taking the minimum observable 
squeezing to be about 10% and using Eq.5.2 to allow for the efficiency, we estimate 
squeezing of about 30% needs to be predicted before it can be observed. In Fig.5.12 we 
plot squeezing at 20 kHz versus pump rate above threshold for the laser as reported. We 
see that the laser would need to be operated more than 12x above threshold in order to 
see squeezing. With a realistic increase in the atomic density and cavity finesse this 
figure can be approximately halved. These predictions rely upon being able to run the 
laser single mode (not a trivial problem for a fibre laser) and having negligible classical 
noise at 20 kHz. These will be discussed in the next two sections.
5.5.4 Classical Noise sources.
We have already discussed classical noise sources such as spontaneous emission noise 
and the RRO which can degrade or obscure the squeezing. We have also mentioned that 
at low frequencies there will be additional noise present not treated in the models. This 
noise is due to thermal and mechanical vibrations and falls off with the inverse of the 
frequency. In gas laser systems such noise can extend to frequencies of hundreds of 
kilo-Hertz however this type of noise is known to be smaller in solid state lasers. 
Measurements performed by Harb et al. [Ref.5.16] on a diode pumped Nd:YAG ring 
laser indicate that such noise will be negligible compared to the quantum noise level by
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Fig J .11: Squeezing spectrum, V(co), versus frequency in kilo-Hertz for 4-level 
model o f Thulium up-conversion laser showing the effect o f increasing dipole 
coupling. In (a) laser is 5x above threshold and in (b) laser is lOx above threshold.
Parameters as in Fig.5.10 except; (i) 123 = 2.7 x 10^; (ii) l23 = 5.4x10^; (iii)
|23 = 27x 107 .
CHAPTER 5 80
0 . 8-
0 . 6"
0 . 5-
FigJ .  12: Amplitude squeezing spectral variance, V = V(co = 2 ;rx 2 0 kHz), versus 
pump rate above threshold for Thulium up-conversion laser model. Parameters are 
the same as in Fig J . 10.
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frequencies of 20 kHz. The precise extent of such noise in any particular laser system 
must be determined experimentally.
Intermodal beat noise will also be present if the laser is not running single mode. Light 
at different frequencies beats together at the detector producing large spikes at multiples 
of the free spectral range. These in turn beat with the central lasing mode leading to an 
elevated noise floor which will obscure any squeezing. The upconversion laser of the 
previous section would not have been single mode as reported. Single mode operation 
can be achieved using wavelength sensitive optical feedback provided the bandwidth of 
the optical feedback is narrower than the free spectral range of the cavity. To achieve 
this the fibre must be quite short. Single mode operation has been achieved in short fibre 
lasers using Bragg gratings [Ref.5.17]. Experimental spectra for multi-mode fibre lasers 
and more discussion will be presented in Chapter 6.
5.5.5 Intensity of the Output Light.
Another important consideration for detection is the intensity of the output. Typically 
photodetectors with high quantum efficiencies are limited to input powers less than 
* 15 m W . However we are looking for highly efficient lasing systems operating far 
above threshold. Normally we would associate such systems with intense output. As 
we saw in section 2.2.1 attenuation degrades the squeezing and thus cannot be used to 
reduce the intensity. Reducing the number of lasing atoms is an obvious way to reduce 
the intensity. This may be done either by reducing the atomic density or reducing the 
active volume. In the last section we saw that the up conversion fibre must be shortened 
to achieve single mode operation. This will reduce the active medium. However the 
reflectivity of the output coupling must be increased to retain the same cavity decay rate 
as was used in the modeling of section 5.5.3.
5.6 Summary and Conclusions.
From the foregoing discussion we draw the following conclusions about the laser 
attributes that would favour the observation of conventionally pumped squeezing.
(1) A solid state active medium with either at least one slow atomic transition rate in the 
pump cycle or a level scheme that allows 2 or more upward pump transitions in the 
pump cycle (i.e. an upconversion laser).
(2) Efficient conversion of absorbed pump photons to detected laser photons.
(3) A short cavity and an active medium with a small cross-sectional area such that;
(i) pump depletion is minimized,
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(ii) high pump intensities can be achieved,
(iii) laser output powers are small even at high pump intensities and
(iv) robust single-mode operation can be achieved
(4) Pump noise small enough such that for the given amount of pump depletion the 
pumping is effectively quantum noise limited.
(5) A good cavity, i.e. high mirror reflectivities, such that atom/cavity coupling is 
strong.
As has been noted in this chapter optical fibre lasers can be made to fulfil these criteria. 
However the optical noise properties of fibre lasers were undocumented. In the next 
chapter we report the results of our investigation of the optical noise properties of fibre 
lasers.
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CHAPTER 6
ERBIUM DOPED FIBRE LASER.
In the last chapter we identified fibre lasers as likely candidates for showing squeezing 
from rate matching. However we noted that the classical noise properties of a candidate 
laser could determine whether squeezing would be observed. Data was not available for 
the classical noise characteristics of fibre lasers so we performed our own intensity 
noise measurements on Erbium doped fibre lasers.
In this chapter we present the results of noise and power measurements on fibre lasers. 
We compare the results with the predictions of our theoretical models and hence draw 
conclusions about the accuracy of our models in describing this type of laser. Our lasers 
had linear low finesse cavities and thus did not satisfy the requirements of the mean- 
field approximation made in the theory. In addition pump depletion along the fibre is 
particularly significant in a 3-level laser as uninverted atoms can act as absorbers of laser 
photons [Ref.6.1]. In spite of this quite good agreement can be obtained between theory 
and experiment under some conditions. Much of what was learnt from the experiments 
was used in Chapter 5 to improve our models.
In section 6.1 we discuss the methods by which theoretical comparisons are made. In 
section 6.2 we present intensity noise spectra and theoretical comparisons. In section 
6.3 we investigate a novel quenching effect caused by the presence of excited state 
absorption of pump photons (ESA).
The experimental work was carried out by myself with assistance from A. J. Stevenson 
and H-A. Bachor. The material in section 6.3 has been accepted for publication 
[Ref.6.2].
Fig.6.1 shows the experimental set up. The cavity was formed either simply using 
reflections off the cleaved ends of the fibre or with an input mirror with a stated 
reflectivity >99% at 1.53|im. Pump powers were restricted to -120 mW when the 
mirror was used due to mirror burn-out. Hence the mirror was only used to obtain the 
strongly coupled threshold power (see section 6.1).
The optical fibre used in the experiments had an Erbium ion concentration of about
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Fig.6.1: Experimental set-up for fibre laser experiments.
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200ppm in a Ge/Si core. This is equivalent to a density of p  = 8.3 x 10^ m ~ ^ . The NA 
was 0.195 and the cut-off wavelength was 1400nm. Pumping was done with a Spectra- 
Physics Argon-Ion laser (model 2030) running multi-line, the predominant pump 
wavelengths being 514nm and 488nm. Lasing occurred at a wavelength around 1.55
fim thus the fibre was single mode at the lasing wavelength but multi-mode at the pump 
wavelength.
The most efficient pumping was achieved when a 40cm focal length lens was used to 
focus light into the core. An Epitax ETX 500 IR detector was used to detect the laser 
output Laser power readings are accurate to ± 10%. Noise spectra were obtained using 
a Hewlett-Packard HP-8 spectrum analyzer. Pump power was measured in two ways; 
either (i) the absolute output power of the Argon-ion was measured using an internal 
Spectra-Physics 190 power meter. The actual launched power is assumed to be a 
constant proportion of this figure, or (ii) the pump power was measured directly at the 
output using a Spectra-Physics 404 power meter. In short fibres this was a good 
approximation to the launched pump power. The pump power readings are accurate to 
± 5%.
6.1 Fitting the Theoretical Curves.
Before looking at the experimental results we discuss the method used to fit theoretical 
curves to the experimental data.
The 3-level atomic model of the Erbium ion considered in the theory is the same as that 
depicted in Fig.2.1(a). The levels represent the three lowest energy bands of Erbium;
^ 1 5 /2  ” >11)» ^ / i3 / 2  ” > 12) and *I\ \ / 2 —> 13). Multiphonon transition rates between
levels higher than *I\ \/2 are faster than that between I^\ \/2 and ^1 3 /2  by an order of 
magnitude or more [Ref.6.3]. Hence the three-level approximation of only considering 
the three lowest energy levels is justified.
W e use the following param eter values from the literature; y\2 -  90 s- *, 
/ 2 3  = 1-5x10^ 5- 1 [R ef.6 .3], / p  = 1.2x10*^ s“ 1 [Ref.6.4] and 5 = 1.5(estimate 
from [Ref.6.5] for multi-line pumping) or Ö = 1.0 ([Ref.6.3] for 514 nm only), where 
8 determines the extent of ESA (see section 2.1.1).
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The semi-classical solution for the photon number of this model is given by Eq.A2.1. 
We use the facts that Yp »  T, yyi, S T and that losses are negligible from the upper 
pump level (713 = 0) to simplify Eq.A2.1. We obtain
r r 2 3 -r i2 r 2 3 --^ -(n 2 r 2 3 + rr23+ 5r2+ ry12)
2 ^ 2 / 2 3 + «5 r + r )
(6.1)
This solution is stable when it is positive, indicating the laser is above threshold. 
Threshold is determined by the dimensionless cooperativity parameter
C = - £ — . (6.2)
We use C as a free parameter to match the theoretical to the observed thresholds. 
Thresholds are compared on the basis of their ratio to the strongly coupled threshold. 
For a 3-level laser the strongly coupled threshold is given by the spontaneous emission 
rate across the lasing levels, i.e.; Tt = y\2 (Eq.6.1 with C » l).T h e  strongly coupled 
threshold power (/}) can be estimated using
pt
r jy t r h v p
op
(6.3)
Where r is the radius of the focused pump beam, Op is the pump absorption cross- 
section and h Vp is the pump photon energy. The pump laser was focused down to a
—21 2spot radius of approximately r=9pm. Using Eq.6.3 and (Jp = 2x10 cm (for 
514nm [Ref.6.3]) we find that Pt = 44mW. We can check this estimate experimentally. 
In Fig.6.2 we show the output laser power vs output pump power (approximately equal 
to launched power) for a 3 metre fibre laser with an input mirror. Threshold is at 
Pf = 50 ± 10/7! W.
The position of the RRO (resonant relaxation oscillation) is determined by Eq.5.13. 
Substituting Eq.6.1 into Eq.5.13 we find
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Fig 6.2: Laser output power as a function of pump output power (approx. equal to 
launched power) fo r  a 3 meter fibre with input mirror. Solid line is a linear f it  to 
the 7 highest power data points. Launch efficiency could vary significantly between 
and during runs. The error bars are estimates o f the uncertainty thus introduced 
based on the observed scatter o f point from repeated runs (e.g. see Fig.6.11).
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(O r  =
4 *r(c(r 723 -  712 723) -  712 723 "  r 723 “  8 r 2 ~ f m )
2 / 2 3 + + r
(6.4)
For a particular value of T the position of the RRO is a function C and k . Hence we 
can use k as a second free parameter to match the position of the RRO in theory and 
experiment.
The theoretical cavity photon number is scaled into an output power using
Pq  =  nN2xrj hvi (6.5)
Isj is -Re
AUA'l
where hvi is the energy per lasing photon. The efficiency of collection and detection of 
laser photons, r\ , is used to fit the semi-classical solutions with the slope efficiency of 
the experimental data. Significant variation occurred in this number between different 
laser lengths and even different runs on the same laser. The effect was polarization 
dependent. A possible reason for this effect is that variations in the pump modal 
distribution leaves regions of the active medium uninverted and hence acting as 
absorbers for the laser photons. T] is used as the attenuation factor when plotting the 
noise spectra via k '  = r\ k ( see section 2.2.1).
The free parameters will be compared with the fitted values using Eqs.5.14 and 5.15.
T k e O ^ 'C A X  Cuw'VCi CVrt cWcuvaTW U S m y J k s T h e o r y .
6.2 Noise Spectra of Erbium Doped Fibre Lasers.
Noise measurements were made at high frequencies (0 to tens of mega-Hertz) and low 
frequencies (0 to tens of kilo-Hertz).
6.2.1 High Frequency Measurements.
At high frequencies, well above the RRO, theory predicts that the laser output will be 
quantum noise limited. We find this is not true in our fibre lasers due to multi-mode 
lasing.
In Fig.6.3 we show the output laser power vs output pump power for a 2.6 meter fibre 
laser. The RRO was observed to have a peak value of approximately 100 kHz when the 
laser power was 2.2 W. In Fig.6.4 we show noise spectra for this laser. In Fig.6.4(a)
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Fig 6.3: Laser output power as a function of pump output power (approx. equal to 
launched power) fo r a 2.6 meter fibre. Solid line is a linear f it  to the data points. 
Error bars are estimated as in Fig.6.2.
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Fig.6.4: Experimental noise spectra for 2.6 meter fibre laser. In (a) uppermost trace 
is the laser, middle trace is quantum noise (white light source) and lower trace is 
electronic noise floor, (b) is a wide scan showing multi-mode lasing.
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we scan from 0-45 MHz showing the laser output, the quantum noise level and the 
electronic noise level. The quantum noise trace is obtained using a white light source 
with the same average photo-current. The spike at about 39 MHz (free spectral range of 
the cavity) is the first longitudinal mode of the laser. The gain profile of the lasing 
transition in Erbium is inhomogeneously broadened allowing many modes to lase. This 
is illustrated in Fig.6.4(b) where we scan from 0-450 MHz showing many side-modes 
lasing. The lasing modes extend out to at least the roll-off of the detector at lGhz. 
Under some operating conditions the height of the peaks was very stable, whilst for 
other conditions random switching of power between the modes was observed. The 
following equation is used to correct for electronic noise;
NU  = 10 logio(lO°'lxWi- -  10°-1x££.) (6.6)
where Nl  is the measured noise level, El  is the independently measured electronic 
noise level and N it  is the true noise level, all in dBm. At the minimum point between 
the modes the laser output is 13.1±0.1dB above the quantum noise, i.e. it has a spectral 
variance (laser noise divided by quantum noise) of about 20.
In Fig.6.5 we include a theoretical trace. The fit is obtained for C=1.50 and
O 1
k^ 1.68 x 10 s . Also r\ =0.1, hence our true minimum variance is about 200 (using 
Eq.5.2). The theoretical trace is scaled such that the quantum noise levels agree. We see 
that the beat noise between the modes elevates the noise floor significantly above the 
theoretically predicted level. In Fig.6.6 we plot the noise at the minimum (frequency 
~17 MHz) as a function of pump power. The noise level rises approximately linearly 
with pump power as does the quantum noise (lOx quantum noise is also plotted). 
Hence for a range of pump powers the minimum noise behaves like an elevated 
quantum noise level. This result agrees with the findings of Sanders et al [Ref.6.6] who 
have recently published noise spectra for an Erbium doped fibre ring laser.
Clearly squeezing will not be observed in such a multi-mode laser. However the effect 
of the beat noise on large structures such as the RRO should be minimal. Hence we will 
next look at the noise spectra at low frequencies.
6.2.2 Low Frequency Measurements.
In this section we look at the noise spectra at low frequencies (from 0 to 250kHz) of a 
2.6 meter fibre laser. We fit theoretical curves to the experimental data. The low
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frequency (MHz)
Fig 6.5: Experimental (upper trace) and theoretical (middle trace) noise spectra 
for 2.6 meter fibre laser. Lower most trace is the quantum noise level (white light 
source). For the experimental traces the resolution bandwidth was 300kHz.
Theoretical parameters are y \ 2 = 90 723  = 1.5 x 10  ^s-1 , yp = 1.2 x lO1^
5 = 1.5, f  = L77x 1010j- 1,C=1.50, *-L 68xl08 i -1 , i] =0.1 T=3000 s-1 .
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Fig 6.6: Experimental noise power in pico-Watts as a function of detected power 
for the 2.6 meter laser (upper points) and a white light source xlO(lower points) at
16.8 MHz. Solid lines are linear fits to the data. Resolution bandwidth was 
300kHz.
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frequency measurements were taken using a Resolution bandwidth of 1 kHz. With this 
bandwidth quantum noise lay below the electronic noise floor of the detection system 
for the powers measured. Thus the scaling of the vertical axis in the theoretical traces is 
based on an extrapolation of the quantum noise level at high frequencies. Pumping was 
done with the green 514 nm line and only absolute pump powers of the Argon-ion were 
measured. Hence the actual launched threshold power is an estimate. However for a 
range of reasonable threshold powers the theoretical spectra obtained by matching the 
peak position of the RRO are indistinguishable.
In Fig.6.7 we show the output power data as a function of absolute pump power. We 
estimate that threshold lies between 2 and 3 times above the strongly coupled threshold. 
In Fig.6.8 we plot the intensity noise spectrum for this laser operating 2.8 times above 
threshold. Superimposed is the theoretical noise spectrum for the same pump rate. The 
graphs agree well except in three respects: (i) There is a second peak in the experimental 
graph that does not appear in the theory. The second peak appears at precisely twice the 
frequency of the RRO and thus may be explained as an artifact of the detection system, 
e.g. saturation of the detector. Alternatively it may be a beating effect between different 
laser modes.
(ii) The RRO is "clipped" in the experimental trace. This could again be due to saturation 
of the detection system. Alternatively this could be due to the failure of the mean field 
approximation or the presence of some other damping process not included in the 
theory.
(iii) There is excess noise at frequencies below the RRO. This is the region of most 
interest from the point of view of squeezing as it is in this region that squeezing will 
appear under the right conditions. Pump noise is a likely cause of the excess noise as 
large modal spikes are present in the Argon Ion output at low frequencies and could be 
expected to contribute to the noise in this region (see sections 5.4.2 and 5.5.2). Perhaps 
a more likely source of the excess noise is inter-modal beat noise given its predominance 
at higher frequencies. This emphasizes the need for single mode operation if squeezing 
is to be observed. Other possible noise sources include thermal, mechanical or phonon 
scattering effects.
In Fig.6.9 we graph experimental and theoretical noise curves for different pump rates 
of the 2.5 meter laser. The theoretical curves are obtained by changing the pump rate 
and the quantum noise level in accordance with the changes in the experiment. No other 
parameters are altered. Agreement remains good until low pump rates are reached. This
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Fig 6.7: Laser output power as a function of absolute pump power (proportional to 
launched power) for a 2.6 meter fibre pumped with the green line of an Argon-ion 
laser. Solid line is a linear fit to the data points. Error bars estimated as in Fig.62.
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Fig 6.8: Experimental and theoretical noise spectra for 2.6 meter fibre laser. 
Resolution bandwidth for experimental plot is 1kHz. Parameters for theoretical
plot are; yi2 = 9 0 j- *, 723 = 1-5x10^ Y p = 1-2x10^ s- *, 5 = 1.0,
g = 1.95xl010 C=1.70, k=1.80x 108 j _1, =0.13 and T = 980 j _1.
quantum noise level is set at -127 dBm.
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Fig 6.9: Experimental and theoretical noise spectra for 2.6 meter fibre laser at 
different output powers. Resolution bandwidth for experimental plots is lkHz. 
Parameters for theoretical plots are the same as for Fig.6.8 except; (a)
T = 1057 s~quantum  noise at -126 dBm; (b) V = 732 s~quantum  noise at -129
dBm and (c) V = 642 s~quantum  noise at -1305 dBm.
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may be due to increased absorption of laser photons due to attenuation of the pump by 
the fibre at low powers.
A calculation of the cavity decay rate using Eq.5.14 for a 2.6 meter fibre with end face
reflectivities of about 3.5% gives a value of K= 1.35x10 s . This value is about 
75% less than the figure used to fit the results. This discrepancy is probably due to 
additional absorption of laser photons by uninverted regions of the active medium. We 
may also obtain a value for the stimulated absorption cross-section using Eq.5.15. For 
reasonable values of the threshold possible values lie in the range
Gs « 7.0 —» 8.0 xlO cm for the range of possible threshold values. This is in
—21 2agreement with the reported peak value of Gs -  7.4 x 10 cm [Ref.6.3].
6.3 High Power Quenching due to Pump ESA.
The 3-level theory predicts distinctive non-linear behaviour in a low finesse cavity. If 
the cavity is sufficiently lossy the theory predicts that above threshold the laser output 
will increase to a maximum value then fall again and finally turn off as a function of 
increasing pump power. This behaviour is due to the presence of ESA (excited state 
absorption of pump photons). In this section we present experimental data obtained 
from the Argon-ion pumped, Erbium doped fibre laser which is consistent with the 
observation of this effect.
6.3.1 Theory.
We identify three distinct regimes in Eq.6.1;
(i) If 8 C~ * «  1 , Eq.6.1 has a single root as a function of T (the pump rate), at 
which n becomes positive for increasing T, i.e. the laser turns on and stays on.
(ii) If 8 >
( c ~ 1m + ( c ~ 1-»)r23)2 
4C-1(c -1 + l)y 12 723
Eq.6.1 has no real roots, n is always
negative, i.e. the zero solution is always stable, the laser never turns on. 
(iii) However if
j  ( c ~ 1ri2+ (c ~1-i)r23)2 
4C-1(c_1 + l)y 12 /2 3
(6.7)
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then there are two roots at which n first goes positive but then becomes negative again, 
i.e. the laser reaches threshold and turns on but at some higher pump power it will turn 
off again. In the case where Eq.6.7 is close to equality the two roots are close together 
and close to
_ 723(1 -Cl) - Y l 2
2 C
( 6.8)
Using the values for Erbium (section 6.1) we find from Eq.6.7 (solved for equality) 
C~^ = 0.92. Hence from Eq.6.8 Tp = 45 x y\2- The value of C~^ may be varied by
changing the length of the fibre (i.e. changing the value of k). Thus the prediction is 
that if the fibre is shortened sufficiently such that it almost will not lase at all
(C~* = 0.92), then we expect to see the laser turn on briefly and then turn off again as a 
function of increasing pump power. The effect should occur at a power approximately 
45 times higher than the good cavity threshold power.
6.3.2 Experiment.
In Fig.6.10 we plot experimental data for output pump power (approximately equal to 
launched power) vs output laser power for three different lengths of fibre. On the same 
graph we plot theoretical curves for three different values of C. The theoretical curves 
are obtained by scaling Eq.6.1. The cavity photon number is scaled into an output 
power using Eq.6.5. The fit is obtained for rj=0.32. The pump rate is scaled into a 
launched pump power by taking the good cavity threshold as 38 mW, somewhat lower 
than that observed for the 3 meter laser (Fig.6.2). The values of C are chosen such that 
the threshold powers agree.
In order to get agreement between threshold values in theory and experiment, one must
assume that C changes nonlinearly with length. This indicates that either ^changes 
non-linearly with length or both the dipole coupling strength, g, and the cavity damping 
rate, k, increase as the length is decreased. It has been noted that the lasing 
wavelength shifts towards transitions of higher gain (i.e. higher g) as a fibre laser's 
length is decreased [Ref.6.7]. This occurs due to the band structure of the lasing levels.
Hence the nonlinearity of C with length is consistent with previous results.
Thermal effects could possibly cause turn-off in lasers. For example Yp is known to be
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1 . 2-
1.91 m
output
power
(mW)
0 . 8- 1.80 m
0 . 6-
0 . 2-
1.67 m
launched pump power (W)
Fig.6.10. Comparison of experimental and theoretical laser power curves for 3 
lengths of Erbium doped fibre. The theoretical curves are scaled versions of Eq.6.1
with the following parameters; = 0.911 (1.67 metre); C~^ = 0.893 (1.80
met re) ;  C~* = 0.874 (1.91 me t r e ) and f o r  all  curves
712 = 90 723 = 1.5 x 10^ S = 1.5. The equations are scaled according to;
A
launched pump powers T x 4.2 x 10 W and laser output power- nNhcphvi, where 
77=0.32.
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temperature dependent and could cause turn-off if the fibre temperature became too high 
[Ref.6.8]. To check this possibility we immersed approximately one third of the fibre 
laser in water, thereby drastically changing the heatflow out of the fibre and the 
temperature inside it. The experiment was repeated and identical turn-off behaviour was 
observed thus excluding this explanation.
6.3.3 Noise Spectrum in Quenched Regime.
The observed behaviour of the RRO in the quenched regime is consistent with the 
predictions of theory. In both theory and experiment the frequency at which the peak 
value of the RRO is found initially moves up with pump power until the laser output 
begins to be quenched. The RRO then moves down in frequency with increasing pump 
power. In Fig.6.11 we show a noise spectrum for the 1.67 meter fibre operated about
1.3 times above threshold. Superimposed is a theoretical spectrum for the same pump 
rate. The agreement is not as good as for the longer fibres. The fit is obtained for
8 - 1k = 2.8 x 10 s .The theoretical value for a 1.67 meter fibre is 72% smaller than this 
value. However the value for the stimulated em ission cross-section is 
—21 2<JS = 7.4 x 10 cm in agreement with the reported peak value.
6.4 Conclusion.
In this chapter we have investigated the classical noise properties of an Erbium doped 
optical fibre laser and demonstrated reasonable qualitative agreement between the 
behaviour of the RRO in experiment and theory for such a laser. We have also presented 
quantitative results consistent with the demonstration of novel quenching behaviour due 
to the presence of ESA in optical fibres.
A more sophisticated laser set-up is required to study the quantum noise of a fibre laser 
and hence decide the feasibility of producing squeezing in such a system. In such a set­
up single-mode operation would be essential, thus removing the inter-modal beat noise. 
Quantum noise limited pumping and high finesse cavities would be desirable. Quantum 
noise should then be observable at high frequencies and the extent to which other noise 
sources are present at low frequencies would then be clear.
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Fig 6.11: Experimental and theoretical noise spectra for 1.67 meter fibre laser. 
Resolution bandwidth for experimental plot is 300 Hz. Parameters for theoretical
plot are; 712 = 90 s” *. 7 2 3  = 1.5x10^$“ *, yp = 1.2 x 10*^ $“ *, <5 = 1.5,
S = 1.95xl010$-1 , C =.911, K  = 2 .78xxl08, fj =0.32 and T = 3498s-1 . The 
quantum noise level is set at -133 dBm.
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CHAPTER 7.
CONCLUSION.
In this thesis we have studied the quantum optics of multi-level laser systems using a 
fully quantum mechanical approach. We have shown that conventionally pumped 3 and 
4-level lasers can produce amplitude squeezed light when the dynamics of all the atomic 
levels are explicitly retained. It is significant that a well studied field should yield such 
interesting new behaviour.
We have used a statistical model to investigate the mechanism for the squeezing in 
detail. We conclude that a range of squeezing behaviour can be understood in terms of 
the statistical properties of the pump cycle. We have also shown that the squeezing may 
be studied using a rigorous diagonal photon number state representation (rate 
equations). We presented numerical results obtained without the need for linearization 
that agree well with the predictions of the full model within the range of validity of the 
rate equation approach.
We have investigated the conditions under which conventionally pumped lasers can 
produce amplitude squeezed light We have emphasized the relationship between our 
models and real systems. We have found that the squeezing is strongly degraded by 
losses within the pump cycle due to spontaneous emission or excited state absorption 
and by losses across the lasing levels due to spontaneous emission. The latter type of 
losses are large near threshold hence squeezing is only significant when the laser is well 
above threshold (more than ten times). We have found that the squeezing is only weakly 
degraded by depletion of the pump mode and by spatial variations in the pump and 
lasing mode. The effect of pump noise on the squeezing was found to be strongly 
dependent on the extent to which the pump was absorbed. We discussed the frequency 
dependence of the squeezing and found that the requirement that squeezing appears at 
frequencies in the tens of kHz places realistic requirements on the finesse of the cavity 
and the atomic density. We have concluded that solid state systems exist in which rate 
matching could be achieved at moderate power levels and have identified fibre lasers as 
possessing the characteristics favourable to squeezed light production. However we 
have noted that the presence of classical noise at low frequencies can completely obscure 
any squeezing.
Finally, we presented experimental optical noise and power measurements we had 
obtained from Erbium doped fibre lasers. We found that the presence of inter-modal 
beat noise due to multi-mode lasing obscured the quantum noise. We were able to show
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reasonable agreement between experimental and theoretical spectra in the region around 
the resonant relaxation oscillation (RRO) but concluded that single mode operation was 
essential if the quantum noise properties, and hence squeezing, were to be observed in a 
fibre laser. We have also reported experimental results consistent with the observation 
of a novel high power quenching behaviour due to ESA in an Argon ion pumped 
Erbium doped fibre laser.
The research presented in this thesis produced many interesting results. We believe that 
further research into multi-level lasers and related systems would similarly be fruitful. 
We also believe that further investigation of the quantum optics of fibre lasers would be 
fruitful and that they represent good candidates for squeezed light production provided 
the classical noise problems can be overcome.
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APPENDIX 1: Derivation of the Fokker Planck Equation.
The expansion of Eq.2.12 into a partial differential equation is not trivial. We present a 
sample calculation. We consider the first term in the master equation for the 4-level laser 
(Eq.2.5);
y ^ P l  = «23[ät / 23 ,p l (A  1. 1)
Hence
Xn\ = Tr\xp\) = Tr{jt .pi)
= t>k [i,5ty 23+at[ i , /23])p(«23 (A12)
where we have used the cyclic properties of the trace. The first term under the trace can 
be expanded in the following way
[ X ^ ] J 22 = i^2XJ23
A i  A A A
= ^ e x p O A ^ ^ ) .......^23exP ^ 7/23)....... exp(iAja) +
A I A A A
iX 2 * A 4 exp(z A17/J4)...... *^ 13 exP (^  3)........cxp(i A ^ z) -
/A 2 /'A 5 expO'A 17/24)......./ 24  exP (^  3 2^4 .^.....expO'Aja)
3  T 3
lA2-rr— + 1A21A4— -----1A2/A5— -
Z<9A7 <?A6 z d<9A3 (A1.3)
where we have used the commutation rule;
[exp(z A fl/fy ) ,/£ /]  = — iX fjij)  exp(/A ^ /ij) (A 1.4)
to move the operators into the desired positions in x  • Terms of order higher than two in 
A are neglected as they lead to derivatives of higher order than two in the final equation. 
Similarly the second term under the trace expands to
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'A4^ - a 5i i +a9^ - aioi ; + a i 3 ^ - a i 3 4  
■ ,Al4ä ^ + i X l l w 5 ~  4 ai0iAl0i ; + a io a 9 ^
-'*131*13 <9^ 7 J <9^ 2
(A1.5)
where we have used the additional commutation rule
[exp(U ,//) ,/* /]  = ( iAn + i/A ^ 'A n+ . . . . j [ 7 / J ^ / K l - a AI/ / ) e x p ( a ^ ) (A I.6)
Hence we have
-/}(<*) = £ 2 3 / ^ 1 ....... <^2Ai7 e ~ a  a  Tr\ x f ^
823j ........<?^Aj7 e
- iX.ä /Ai—— + /A2 /A4—----- ^ 2^ 5— — +
1 <9A7 <9A6 z DdX3
‘* 4 - 4 — iX5 - 4 r +i^ 9 - 4 — '*  10-37- + ‘*13 — '* 13-37-v dX^ dX$ o/.'j dX 7 dX\Q 0X9
-  ‘*14-37- + ‘*17-37----—  7>*ioi*io4- + ‘*101*9-37-ctAj5 2 dX'i 2 dX 7 <7X7
- iAi 3»Ai 3——
<?*7 <&2
1? d , * * d  * , < ? . *
« 2 3 j - ^ / 2 3 - ^ / l 3 «  + ä ^ ' 2 4 «  - ^ a  + ^ 723“
<?2 , d 2
— *------^13--------*-------
da dJ\ 2 da  (9/34
^24
\
1 <9 * 1 9 * 1 <9Z _ , * l d ‘
5 1 T ? '23“  - i S ? 1™ “  * 5 ä « 2' 23“  + 2 3,+ 2 2J23a
P(a)
(A 1.7)
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where we have used the properties of the Fourier transform [2.13]. Eq.A1.7 is thus the 
contribution of the first term of the master equation to the Fokker Planck equation.
APPENDIX 2: Steady-State Semi-Classical Solutions.
In this appendix we will present the steady-state solutions for intra-cavity photon 
number of the semi-classical equations obtained in chapter 2. The solutions are obtained 
by setting the time derivatives of Eq.2.15, 2.25, and 2.29 to zero. Full solutions are 
presented as well as approximate solutions. The approximate solutions are obtained by 
assuming that the lasing transition is rapid, i.e. that the stimulated emission rate is high 
(strong coupling/high co-operativity). This assumption allows us to ignore the lasing 
transition's statistical properties when we calculate photon number statistics in Chapter 
3.
A2.1 Semi-classical Solutions for the 3-level Laser.
Eq.2.25. may be solved in the steady state for the amplitude squared, |d| , which is 
approximately equal to n = number of photons per atom in the cavity. There are two 
solutions; either n==0 or
n= r r 2 3 - £ r m - 713/12-723712  
2xr(<5r + 2yi3 + 2y23+ r )
*:(r+ s  r + m + r p 1) (r / 23+ s  r  713+713 712+723 712+s  r  2+ r m )
2 g2 2x:(<5r  + 27i 3 + 2723 + r)
(A2.1)
(see Fig.2.1(a) for definition of symbols). The zero solution is stable when the non-zero 
solution is negative. The zero solution is unstable when the non-zero solution is 
positive. The non-zero solution is stable when it is positive, indicating the laser is above 
threshold. Stability is determined in the usual way by the eigenvalues of the linearized 
drift matrix (Aq). If all the eigenvalues have positive real parts then the solution is 
stable.
If we assume
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2 | 2
^rp+m+r) » l,
r 12 iü  
723’ 723
(A2.2)
so that the atom-field coupling is strong, the second group of terms in Eq.A2.1 may be 
dropped. The cavity photon number is then approximately
n
1 - 712 713(5 r  + n 2)
r  r 723, , 2 12 K  (— + ------
r  723
, 2m+sr
r  723
(A2.3)
or when losses are negligible, (712 = 713 = £ = 0)
1
- ,2  1 
2x: (— + ----- )
r  723
Pump power at threshold is approximately
(A2,4)
r / = r i 2 + 7 1 3 7 1 2 ± il7 l3 .
723
(A2.5)
A2.2 Semi-classical Solutions for the 4-level Laser with Incoherent 
Pumping.
The steady state solution to Eq.2.15 with £=0 is
n = _________ 7 1 2 /3 4 - 7 2 3 /3 4 _________
2*r(2r 734 + 712 734 + 7712 + 712 714)
(A2.6)
*~(723+712 + 27pl) (r  723 712 + r  723 734 + 714 712 723 + 723 712 734 + r 7l2 734)
2 g2 2)f(2r734+7i2734 + r7l2  + 7l27l4)
(see Fig.2.1(b) for definitions of symbols).If we make the strong coupling assumption 
that
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2 | 2 ___ > > u  r a  n i i i i
'f(r23+ m + 2 y /,i) ’ r  ’n 4 ’ r34
(A2.7)
then we obtain the following approximate solution
1 -
.  1 2 1 rid2 k < — + -----+ ------+ /14
r  712 734 734 r
(A2.8)
1
„ I 1 2 12. tel — + -----+ ------>
[r  ri2 /34J
(A2.9)
when losses are negligible. The approximation fails at sufficiently low pump powers as
723the condition 2*2 »  is violated. If the conditions validating the
^(r23+yi2+2ypi)
approximation (Eq.A2.8) are valid well above threshold then the threshold pump power 
is given by
r'"F
( /3 4  + r i4 ) ( r i2 +  723 + 2 /p l )
2 /3 '
1 1
723 712
(A2.10)
If losses are small, i.e. 723  «  712» 714 = 0 , this expression simplifies to
T» K
r t = ~2 
8
723(712 + 2 7pl)
(A 2 .ll)
2
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A2.3 Semi-classical Solutions for the 4-level Laser with Classical 
Coherent Pumping.
The steady state solution to Eq.2.29 with T=0 is
_______________ 7 1 2 7 3 4 -7 2 3 7 3 4 ____________
(734 + m f + rp2( / 34+ m ) + 2/34 + 2/12
'f ( r 2 3 + r i2 + 2 /pi)
2 | 2
(2 /23  712 + r23  /3 4  + /12  734)
(734 + 714) + 7 p 2 (734 + 714)
+ 2/34  + 2/12
723 712(734 + 714)2 + 2 723 7127p2(734 + 714)
712(734 +  714) + 7 l2 7 p 2 (7 3 4  + 714) { {
J )
(A2.12)
(see Fig.2.1(b) definitions of symbols).If we make the strong coupling assumption that
2«2 » 1,2723 723(734 + 714) 7p2(734 + 7 l4)
’f (723 +  7 l2  + 2 7 p l) ’ 734 ’ 7344 £ 2 ’ 4 £ :
(A2.13)
then we obtain the following approximate solution
\  723N 
V 712 j
2 { 2 { (734+ 714) + 2 7p2(7 l4  + 734) 
712 734 4 £ 2 /3 4
(A2.14)
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Threshold pump power is approximately
e 2 = y ( >*23 + r t  2 + 2 yp i) ( y34 + m ) 2 + 2 yp2( 734 + /1 4 )
8«2 rji—\ / 2 3  ri2.
(A2.15)
2 _ *~(ri2 + 2rpi) (y34 + 2yp2)/23
=
i 2
(A2.16)
when losses are small.
APPENDIX 3: Position of the RRO.
In this appendix we derive the expression for the position of the RRO (Eq.5.13). We 
follow the approach of Yariv [Ref.5.13]. We use the example of the 3-level laser but the 
result is quite general.
We start with the time dependent semi-classical equations (Eq.2.25). We assume that 
the coherence between the lasing levels is strongly damped (i.e. 7 p » 7 i2 >  £ O  and
thus eliminate ^ 1 2  fr°m the equations by setting its time derivative to zero. We thus 
obtain
n = = 2äcc = 1 n - 2 k n (A3.1)
Yp
and
_ 2
j  = - 2 & - J  n + Y23~(Y23 + 2Yl2) j  + (F ~2Y23~2Y\2)h  (A3-2)
yp
where J  = J2 -  J\ is the inversion. We consider the effect of small perturbations from 
the steady state. We let
and
h(t) = n$ + n,(t) nt «  n (A3.3)
APPENDICES 111
j ( t )  =  J o + M t ) J t « h  (A3-4)
where ng is the steady state value of the photon number given by Eq.A2.1 and
(A3.5)
is the steady state value of the inversion. Substituting Eqs.A3.3 and 4 into Eqs.A3.1 
and 2 respectively gives
and
Jt = wJt + y nt + zJ \t
where w, x, y  and z are constants given by
w
X
y
z
f  0
4gl2 
. ?P 
Ä122
•«0 + 723 + 2/12
Yp
-imijo
Yp
r -2791-2717)
(A3.6) 
(A3.7)
(A3.8)
and J\t is a small perturbation around the steady state value of the ground state 
population , Jio* defined by
hi1) =  ho+ht(t) ht«ho- (A 3 -9 >
Taking the derivative of Eq. A3.6 and substituting into Eq. A3.7 we obtain
rif - w h f - x y n f  = -zJ \t . (A3.10)
This is the equation for a driven, damped harmonic oscillator. The oscillator is driven by 
small perturbations to the ground state population. The ground state population will be 
perturbed by fluctuations in the pump and, through the inversion, by any fluctuations in 
the intra-cavity photon number. Taking the Fourier transform of both sides of A3.10, 
defining V(co) and R(co) as the transforms of nj and J\f respectively and solving for
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V(co) gives us
V(co) zR(co)9c o +  iwco + xy
zR(co)
CO -I- COr  H---- W
2
(A3.11)
where
(A3.12)
If we assume the spectrum of the ground state population fluctuations (R(co)) is 
uniform near co ~ cor (as, for example, in the case where their origin is Poissonian 
pump fluctuations) then we expect the intensity noise spectrum (V(cu)) to have a peak
( w \ 2
near co = cor . Substituting for x and y and making the assumption xy >> \ —J we 
obtain the 3-level version of Eq.5.13.
COr = 8>f|l2
s.„2
rP
(A3.13)
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